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MATH1071

0 Notation and Logic

Quick reference for the notation used in the rest of these notes. This is not meant to replace

a proper logic course; MATH1061 and MATH1081 are better for that. For MATH1071,

treat it as a translation table for the symbols that show up in definitions and proofs.

0.1 Mathematical Statements

A statement is a sentence that is either true or false. For example, 2 < 5 is true and 7 =

3 is false. The phrase “z < 5” is not true or false until = has been specified.

Definition 1 (Common logical symbols)

e P AQ means both P and @ are true.

e PV (@ means at least one of P and @ is true. In mathematics, “or” usually includes
the possibility that both are true.

e —P means P is false.

e P = @ means “if P, then Q".

e P < @Q means “P if and only if @”; this says both P = @ and ) = P.

Example 1
The statement

T>2ANx<H
means z lies between 2 and 5. The statement

r<2Vzx>5

means z is outside the open interval (2,5).

0.2 If, Only If, and If and Only If

Students often lose marks by reversing “if” and “only if”. Keep the direction explicit.

Definition 2 (Implications)
The statement “P if ()” means

Q= P.
The statement “P only if ()” means
P= Q.
The statement “P if and only if )” means
P=— @ and Q= P.
Example 2
“A number is divisible by 4 only if it is even” means

divisible by 4 = even.

This is true. The reverse statement is false: 6 is even but not divisible by 4.

Example 3
The equation
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MATH1071 Notation and Logic - If, Only If, and If and Only If

z? =1
is equivalent to
r=—-1Vx=1.
Equivalently,

?=1<ze{-1,1}.

0.3 Quantifiers

Quantifiers say how many objects a statement is talking about.

Definition 3 (For all and there exists)
o Vz € A, P(z) means every x in A satisfies P(zx).

o dr € A such that P(z) means at least one x in A satisfies P(x).
o dlz € A such that P(z) means exactly one = in A satisfies P(z).

Example 4
The statement

Ve eR,z%2 >0
is true. The statement
Jdz € R such that 2% =2
is true. The statement
Jr € Q such that 22 =2

is false.

The order of quantifiers matters.

Example 5
The statement

Vr € R,y € R such that y >«
is true: after seeing x, choose y = x + 1.
The statement

Jy € R such that Vx e R,y >«

is false: there is no real number larger than every real number.

0.4 Negating Statements

To disprove a statement, write down what its negation says and prove that instead.

Definition 4 (Negating quantifiers)
The negation of

Vz € A, P(z)
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MATH1071 Notation and Logic - Negating Statements

is
Jz € A such that —P(x).
The negation of
Jz € A such that P(z)
is
Ve € A,—P(x).

Example 6
To disprove “every bounded sequence converges”, it is enough to give one bounded

sequence that does not converge. The sequence a,, = (—1)™ is such a counterexample.

Example 7
The negation of

Ve > 0,3N € N such that n > N = |a,, — L| <e¢
is
Je > 0 such that VN e N;an > N with |a, — L| > ¢.

This is the form used when proving a sequence does not converge to L.

0.5 Set Notation

Definition 5 (Set-builder notation)
The notation

{reA: P(x)}

means “the set of all z in A such that P(z) is true”.

Example 8
The interval (0, 3) can be written as

{reR:0<z <3}

The set of even integers can be written as

{2k :keZ}.

The symbols € and C mean different things. Write x € A when z is an element of A. Write
A C B when every element of A is also an element of B.

0.6 Common Proof Words

Definition 6 (Proof vocabulary)
e Assume introduces a hypothesis being used.
e Suppose for contradiction means we temporarily assume the opposite of what

we want and derive an impossibility.

20 May 2026 -



MATH1071 Notation and Logic - Common Proof Words

e It follows that means the next line is a consequence of previous lines.

« Without loss of generality means the other cases are genuinely the same after
relabelling or symmetry.

e Counterexample means one example that shows a universal statement is false.

Important
Do not use “without loss of generality” unless the skipped case is actually the same.

For example, if a proof treats a < b, the case b < a is the same only when the statement

is symmetric in a and b.

0.7 Standard Number Sets

The main number systems are:

N={1,2,3,..}, z={.,-2,-1,0,1,2,...},
Q= {1—7 pEZ,q€E N}, R = the real numbers, C = the complex numbers.
q

In these notes, N starts at 1. If a problem uses 0 as a natural number, it should say so.
Note
In limits and proofs, the letters € and § usually represent small positive real numbers.
The letter N usually represents a large natural number. These are conventions, not

new kinds of numbers.

!The complex numbers are listed for orientation, but this course works almost entirely with real numbers
and will not otherwise use C.
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MATH1071 Notation and Logic - Standard Number Sets

1 Sets, Fields, and Order
The course starts by putting familiar arithmetic on firmer footing. Early MATH1071 is

proof-heavy, so it helps to know exactly which properties of the real numbers are being
used. Most early arguments use three layers of structure:

e set notation, so that we can say what objects we are discussing;
e field arithmetic, so that addition, multiplication, subtraction, and division behave
correctly;

e order and absolute value, so that “close to” can be expressed by inequalities.

The real numbers R have all of this structure. Later chapters use additional properties of
R, especially completeness.

1.1 Sets and Functions
Definition 1 (Set)

A set is a collection of objects, called its elements. We write z € A to mean that x
is an element of A.

If every element of A is also an element of B, we write A C B and say that A is a subset
of B.If AC B and A # B, then A is a proper subset of B.

Example 1
The set A ={1,2,3} satisfies 1 € A and 4 ¢ A. Also {1,3} C A.

Sets do not record repeated elements, so {1,1,2} = {1,2}.

Common set operations are:

e AUB={z:xz€ A or x € B}, the union;

e ANB={z:2x€ A and z € B}, the intersection;

o A\B={z:2€ A and z ¢ B}, the set difference;

e Ax B={(a,b):a€ A,be B}, the Cartesian product.

Definition 2 (Function)
A function f: A — B assigns to each a € A exactly one element f(a) € B.

The set A is the domain and B is the codomain. The range or image of f is

f(A) ={f(a) : a € A}.

Remark
A formula by itself does not completely specify a function; the domain and codomain

matter. For example, f : R — R given by f(z) = 22 and g : [0,0) — R given by g(z) =
x? have the same formula but different domains.

The standard number systems used in the course are:

Definition 3 (Standard number systems)
« N={1,2,3,...}, the natural numbers;

o Z=4...,—2,-1,0,1,2,...}, the integers;
e Q= {g :pEZ,q€ N}, the rational numbers;
e R, the real numbers;

20 May 2026 9



MATH1071 Sets, Fields, and Order - Sets and Functions

e« C={a+bi:a,beR and 7> = —1}, the complex numbers.?
We also use the following functions repeatedly.

Definition 4 (Absolute value, floor, and square root)

For z € R,

| = z if >0
l—zif x<0

The floor |z] is the greatest integer less than or equal to z.

For z > 0, /z is the unique non-negative real number whose square is .

1.2 Fields
Definition 5 (Field)
A field is a set F' with two operations, addition and multiplication, such that for all
a,b,c e F:
e a+be Fand abe F;
e a+b=>b+a and ab = ba;
e (a+b)+c=a+ (b+c) and (ab)c = a(be);
o there are elements 0,1 € F, with 0 # 1, such that a4+ 0 =a and a -1 = q;
o for each a € F, there is an element —a € F' such that a 4+ (—a) = 0;
« for each a € F with a # 0, there is an element a=! € F such that aa™! = 1;
e a(b+c) =ab+ ac.

The familiar fields are Q, R, and C with their usual operations. The integers Z are not a
field: 2 € Z, but there is no integer b such that 2b = 1.

Important
When proving a statement about an arbitrary field, do not use order, decimal expan-

sions, or geometric intuition unless those structures have been assumed. A field proof

should only use the field axioms and consequences already proved from them.

1.3 Basic Consequences of the Field Axioms
The following facts are normally used without comment in high-school algebra. In this

course, it is worth seeing that they really do follow from the field axioms.

Proposition 1 (Identities and inverses are unique)

Let F be a field.
. The additive identity is unique.

N =

The multiplicative identity is unique.

&=

For each a € F, the additive inverse —a is unique.
1

=

If a # 0, then the multiplicative inverse a™" is unique.

Proof. Suppose 0 and 0" are both additive identities. Then

>The complex numbers are included here for orientation. This course works almost entirely with real
numbers and will not otherwise use C.
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MATH1071 Sets, Fields, and Order - Basic Consequences of the Field Axioms

0=0+0" =0,
because 0’ is an additive identity in the first equality and 0 is an additive identity in the

second.

The proof for the multiplicative identity is analogous: if 1 and 1’ are both multiplicative
identities, then 1=1-1"=1".

If 4 and v are both additive inverses of a, then
u=u+0=u+(a+v)=(u+a)+v=04+v=n0.
If @ # 0 and wu, v are both multiplicative inverses of a, then

u=u-1=u(av) = (ua)v=1-v=n.

Proposition 2 (Zero and negatives)

Let F be a field and let a,b € F. Then:
1. a-0=0;

2. )( 1;
3. a(—b) = (—a)b = —(ab);
4. (=a)(

Proof. Since 04 0 = 0, distributivity gives
a-0=a(0+0)=a-0+a-0.
Adding —(a - 0) to both sides gives 0 = a - 0.
Now (—1) + 1 = 0. Multiplying by —1 gives
(=D(=D+ (=1 =0.
Hence (—1)(—1) is the additive inverse of —1, which is 1.
To prove a(—b) = —(ab), observe that
ab+a(—b) =a(b+ (—=b)) =a-0=0.
Thus a(—b) is the additive inverse of ab. The proof of (—a)b = —(ab) is the same. Finally,

(—a)(=b) = —(a(=b)) = —(—(ab)) = ab.

d
Proposition 3 (No zero divisors)
If Fis a field and ab =0, then a =0 or b = 0.
Proof. If a = 0, there is nothing to prove. Suppose a # 0. Then a~! exists, and
b=1-b=(ata)b=a"'(ab)=a'-0=0.
d
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MATH1071 Sets, Fields, and Order - Basic Consequences of the Field Axioms

Corollary 4
If a € F and a? = 1, then a € {—1,1}.

Proof. Since a? =1,
0=a?>—1=(a—1)(a+1).

By the no-zero-divisors property, a —1 =0 or a + 1 = 0. Therefore a =1 or a = —1.

1.4 Examples of Fields and Non-Fields

Example 2 (Q(\@))
Define

@(ﬁ) :{a+b\/§:a,be(@}.

This is a field under the usual addition and multiplication inherited from R.

Addition and multiplication stay inside the set:
(a+bv2) + (c+dV2) = (a+¢) + (b+d)V2,
and
(a + b\@) (c + d\/i) = (ac + 2bd) + (ad + bc) V2.

The identities are 0 = 0 4+ 0v/2 and 1 = 1 + 0v/2. The additive inverse of a + bv/2 is
—a — bV/2.

For multiplicative inverses, suppose a + bv/2 # 0. Then

1 a—b\/§_ a b \/5

a+bv2 a?—202 a2—2b2 a2 — 202

The coefficients are rational. Also a? — 2b% # 0: if it were zero and b # 0, then (%)2 —
2, contradicting the irrationality of v/2; if b = 0, then a = 0, contrary to a + bv/2 #0.

Example 3
To write (3 + 4\/_) in the form a + bv/2,

1 4 4
R W
3+4v2  9—32 23 23

Example 4 (Integers modulo 3)
The set Z3 = {0, 1,2} is a field when addition and multiplication are performed modulo

3.

o~ |lo|+
N~ O
Ol | ==
aall E=N B )
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MATH1071 Sets, Fields, and Order - Examples of Fields and Non-Fielc

0112
0]1010(0
0112
210121

The additive identity is 0 and the multiplicative identity is 1. Every element has an
additive inverse: 0 is its own inverse, while 1 4+ 2 = 0 modulo 3. Every nonzero element
has a multiplicative inverse: 17! = 1 and 27! = 2 because 2 - 2 = 1 modulo 3.

Example 5 (Integers modulo 6)
The set Zg = {0,1,2,3,4,5} is not a field. In modulo 6 arithmetic,

2-3=6=0.

But 2 # 0 and 3 # 0. This violates the no-zero-divisors property, so Zg cannot be a field.

Remark

More generally, Z,, is a field when p is prime. If n is composite, then Z, has nonzero

p
zero divisors and is not a field.

1.5 Ordered Fields

1s

Field axioms allow addition, subtraction, multiplication, and division. They do not allow

us to say that one element is larger than another. For limits and inequalities we need

compatible order.

Definition 6 (Ordered field)
An ordered field is a field F' with a subset P C F', whose elements are called positive,

such that:

e for every a € F, exactly one of a € P, a =0, or —a € P holds;
e ifa,be P,thena+be P;

e ifa,b € P, then ab € P.

We write a > 0 when a € P, and a > b when a — b > 0.
We write a < b to mean b > a, and a < b to mean a < b or a = b.

Proposition 5 (Order rules)
In an ordered field:

1. If a > b and b > ¢, then a > c.
Ifa>b,thena+c>b+c.

If a > b and ¢ > 0, then ac > be.
If a > b and ¢ < 0, then ac < be.
If a # 0, then a® > 0.

1>0.

S-S

Proof. If a > b and b > ¢, then a —b > 0 and b — ¢ > 0. Since positives are closed under

addition,
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MATH1071 Sets, Fields, and Order - Ordered Fields

a—c=(a—b)+(b—c) >0,
so a > c.
Addition preserves inequalities because (a +¢) — (b+¢) =a —b.

If ¢ > 0, then (a —b)c > 0, so ac > be. If ¢ < 0, then —¢ > 0, so a(—c) > b(—c), and multi-
plying both sides by —1 reverses the inequality.

If a # 0, exactly one of a > 0 or —a > 0 holds. In the first case a® > 0; in the second case
(—a)(—a) > 0, and this is equal to a?. Since 1 =12 and 1 # 0, we get 1 > 0. O
1.6 Absolute Value and Distance

Absolute value converts order into distance. Most epsilon arguments in the course are just
careful uses of absolute value inequalities.

Proposition 6 (Absolute-value rules)

For all z,y € R:

1. |x| >0, and |z| = 0 if and only if z = 0.
2. oyl = lzllyl

3. |z +yl < Jaf + [yl

4. |z = |yl| < |z —yl.

a+b

|+ 0] <af +[b]

Visual representation of the triangle inequality. The direct path |a + b| cannot be longer than travelling along

la| and then |b|.

| b

Proof. The first two statements follow by checking the cases x > 0 and x < 0.

For the triangle inequality, note that —|z| <z <|z| and —|y| <y < |y|. Adding these
inequalities gives

—(lzl +ly) <z +y < |z| +[y],
so |z +y| < [z + [yl.
Since z = (x — y) + y, the triangle inequality gives
z| < |z —yl+Jyl,

hence |z| — |y| < |z —y|. Swapping x and y gives |y| — |z| < |z — y|. Together, these are
exactly

2| = lyl| <[z —yl.
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MATH1071 Sets, Fields, and Order - Absolute Value and Distance
Corollary 7
For all z,y € R,
| — [yl < |z —yl
and

lz| — [yl < |z +yl

Proof. The first inequality is one side of the previous proposition. For the second, apply
the first inequality with —y in place of y:

2] ==yl < |z = (=y)| = |z + yl.
Since |—y| = |y|, the result follows. O

Important
The inequality |z — a| < € means

a—e<zx<a+te.

In words: z is within distance € of a. This is the language of sequence limits and

function limits.

lx—al <e
A & A
' Q

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

1.7 The Archimedean Property

The ordered-field axioms alone do not capture everything special about R. One extra fact
used constantly is that the natural numbers are not bounded above inside R.

Definition 7 (Archimedean property)
An ordered field F' has the Archimedean property if for every x € F, there exists

n € N such that n > x.

Theorem 8 (Archimedean consequences in R)

In R:
1. If z,y € R and = > 0, then there exists n € N such that nx > y.
2. If w > 0, then there exists n € N such that 0 < % < w.

Proof. For the first statement, apply the Archimedean property to % There exists n € N
such that n > £. Since z > 0, multiplying by = gives nz > y.

For the second statement, apply the Archimedean property to % There exists n € N such
that n > % Since n > 0 and w > 0, this implies % < w. Also % > 0. O
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MATH1071 Sets, Fields, and Order - The Archimedean Property

1.8 Irrationality Proofs

Irrationality arguments are early examples of proof by contradiction. The key number-
theoretic fact used below is Euclid’s lemma in a simple form: if a prime p divides a?, then

p divides a.

Proposition 9

The numbers v/2 and /5 are irrational.

Proof. We prove the statement for v/2. Suppose, for contradiction, that v/2 = %’ for integers
p,q with g # 0, chosen so that the fraction is in lowest terms. Then

Thus p? is even, so p is even. Write p = 2k. Then
4k? = 242,
so ¢°> = 2k%. Hence q is even. This contradicts the assumption that § was in lowest terms.

The proof for v/5 is analogous. If v/5 = § in lowest terms, then p? = 5¢%, so 5 divides p,

say p = 5k. Then 25k2 = 5¢2, so ¢> = 5k?, and 5 divides g. This again contradicts lowest

terms. O
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MATH1071 Sets, Fields, and Order - Irrationality Proofs

2 Bounds, Sequences, and Limits
Limits are where the course first gets properly analytical. Saying that a sequence “gets

close” to a number is only intuition; the definition below is the version that can actually

be used in a proof.

For most sequence-limit questions, separate two steps:
e« What number should the limit be?
o Given an arbitrary tolerance € > 0, how far along the sequence do we need to go before

every later term is inside that tolerance?
2.1 Upper and Lower Bounds

Definition 1 (Bounds)
Let  C R.

A number M € R is an upper bound for Q if x < M for every z € .
A number m € R is a lower bound for Q if m < z for every z € Q.

The set €2 is bounded above if it has an upper bound, bounded below if it has a
lower bound, and bounded if it is both bounded above and bounded below.

Example 1
The interval (0, 3) is bounded above and below. For example, 4 is an upper bound and

—1 is a lower bound.

The set N is bounded below, for instance by 1 or 0, but is not bounded above in R.

Bounds need not be elements of the set. The interval (0, 3) has upper bound 3, but 3 ¢ (0, 3).

Definition 2 (Supremum and infimum)

Let Q C R.

A number S is the supremum or least upper bound of 2, written S = sup 2, if:
1. S is an upper bound for £;

2. if M is any upper bound for €2, then S < M.

A number [ is the infimum or greatest lower bound of €2, written I = inf (2, if:
1. I is a lower bound for €Q;
2. if m is any lower bound for €2, then m < I.

Example 2
sup(0,3) =3, inf(0,3) =0.

The set (0,3) has no maximum or minimum, because neither endpoint belongs to
the set.

Example 3
Let

Q={-1}U(0,3) U {7} U {13}.
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MATH1071 Bounds, Sequences, and Limits - Upper and Lower Bounds

Then sup 2 = 13 and infQ2 = —1. In this case the supremum and infimum are also the

maximum and minimum.

For (0,3) the supremum and infimum are endpoints approached by the set, even though neither endpoint

|
|
|
l
0 = inf(0, 3) 3 = sup(0, 3) 1
|
l
l
belongs to it. |

|

1

Proposition 1
If a supremum or infimum exists, it is unique.

Proof. Suppose S and T are both suprema of 2. Since S is a supremum and 7" is an upper
bound, § < T'. Since T is a supremum and S is an upper bound, T' < S. Hence S =T.

The proof for infima is the same with the inequalities reversed. O

Theorem 2 (Least upper bound property of R)
Every non-empty subset of R that is bounded above has a supremum in R.

Remark
This theorem is a completeness property of the real numbers. It is not true in Q. For

example,
{geQ:¢*> <2}

is non-empty and bounded above in @, but it has no supremum in Q.

Theorem 3 (Epsilon characterisation of the supremum)

Let 2 C R be non-empty and bounded above. Then S = sup{? if and only if:
1. S is an upper bound for £;
2. for every € > 0, there exists z € 2 such that S —e <2 < S.

Proof. Suppose first that S = sup 2. Then S is an upper bound. Let € > 0. If there were
no z € 2 with § —e < z, then every x € (2 would satisfy x < S —¢e. Thus S — ¢ would be
an upper bound smaller than S, contradicting that S is the least upper bound.

Conversely, suppose the two stated conditions hold. Since S is already an upper bound, it
remains to show that no smaller number is an upper bound. Let M < S. Pute =5 — M >
0. By the second condition, there exists x € 2 such that

M=S—es<z.

Hence M is not an upper bound. Therefore every upper bound is at least S, so S = sup 2.0J
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2.2 Sequences

Definition 3 (Sequence)
A real sequence is a function a : N — R. We usually write a,, instead of a(n), and

denote the whole sequence by (an)zoz , or simply (a,).

Important
The notation a,, refers to the nth term. The notation (a,,) refers to the whole sequence.

Example 4
The formula a,, = % defines the sequence

1

Y

N | —
L =
] =

The terms approach 0, although no term is equal to 0.

Definition 4 (Bounded sequence)
A sequence (a,,) is:

e bounded above if there exists M € R such that a,, < M for all n € N;
e bounded below if there exists m € R such that m < a,, for all n € N;
» bounded if it is bounded above and bounded below.

Proposition 4
A sequence (a,,) is bounded if and only if there exists C' > 0 such that |a,,| < C for all

n € N.

Proof. 1f |a,| < C for all n, then —C < a,, < C, so the sequence is bounded.

Conversely, suppose m < a,, < M for all n. Let C = max(|m|,|M|,1). Then —C < a, < C
for all n, hence |a,,| < C. O

2.3 Limits of Sequences

Definition 5 (Limit of a sequence)
Let (a,,) be a real sequence and let L € R. We say that (a,,) converges to L, and write

lim a, =L,
n—oo

if for every € > 0 there exists NV € N such that whenever n > N,
la, — L| < e.

If no such L exists, the sequence diverges.

In this definition, € is chosen first. It represents the permitted error. The integer N may

depend on g, but once N is chosen, every later term must work.

Definition 6 (Epsilon neighbourhood)
For a € R and € > 0, the set

{reR:|z—a|l<e}
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is the epsilon neighbourhood of a.
Since
|z —a|l <e

is equivalent to

a—e<zxz<a-+te,

Limits of Sequences

convergence means that every epsilon neighbourhood of L eventually contains the whole

tail of the sequence.

____________________________________________________________________________

Example 5 (A basic epsilon proof)
We prove that

1

n—oo N

lim — =0.

1

Let € > 0. Choose N € N such that N > %, possible by the Archimedean property. If

n > N, then
1 0 1 < 1 <
——0l=—<=<e.
n n- N
Therefore % — 0.
Example 6
We prove that
n
im =
n—oon 4+ 1

Let € > 0. Choose N € N such that N > % If n > N, then

‘ n
n+1

n—mn—1
n+1

Example 7
We prove that

20 May 2026
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1 0 1 < 1 <
- —_ - I3
Vn n ~ VN
Example 8
We prove that
1
lim 0.

n—oo n4 +1 -
Let € > 0. Choose N € N such that N > e 1. If n > N, then

1
nt+1

1 1 1
—0| = <—<—<es.

_ <
nt+1 " nt ~ N4

Note

In written proofs it is enough to say “choose N € N such that N > 1”

=7 rather than
writing a floor or ceiling formula. The Archimedean property guarantees such an N

exists.

2.4 Uniqueness and Boundedness

Theorem 5 (Uniqueness of limits)
If a sequence converges, then its limit is unique.

Proof. Suppose a,, — L and a,, — M. Let € > 0. Since a,, — L, there exists IV; such that
la,, — L| < § whenever n > N;. Since a,, — M, there exists N, such that |a, — M| < §

whenever n > N,.
If n > max(N;, N,), then
|L-M|=|L—-a,+a,— M| <|L—a,|+]|a, — M <e.
Since this holds for every € > 0, we must have |L — M| = 0, and hence L = M. d

Theorem 6 (Convergent sequences are bounded)
Every convergent real sequence is bounded.

Proof. Suppose a,, — L. Apply the definition of convergence with € = 1. There exists NV €
N such that |a,, — L| < 1 whenever n > N.

Forn > N,
@] = la, — L+ L| < |a, — L] + L] < 1+ |L|.
The first N — 1 terms form a finite list, so they have a maximum absolute value. Let

C = max(|a1|, |CL2|, L) |a’N71|ﬂ 1 + |L|)
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Then |a, | < C for every n, so (a,,) is bounded. O

Important

Boundedness is necessary for convergence, but not sufficient. The sequence a,, = (—1)"

is bounded, but it does not converge.

2.5 Limit Laws

Theorem 7 (Algebra of limits)

Suppose a,, = a, b, — b, and A € R. Then:

1. a,+b, =a+b;

2. da,, = Aa;

3. a,b, — ab;

4. if b # 0 and b,, # 0 eventually, then Z—: — £

Proof. For sums, let € > 0. Choose N; such that |a,, —a| < § for n > N;, and choose N,
such that |b, —b| < § for n > N,. If n > max(N;, N,), then

|<an+bn)_(a+b)|g|an_a’|+|bn_b|<€'

Scalar multiplication is immediate if A = 0. If A # 0, choose N such that |a,, —a| < ﬁ for
n > N.

For products, write?
apb, —ab=a,, _ +ba, —a).
Since (a,,) converges, it is bounded. Choose C > 0 such that |a,,| < C for all n. Then
la,b, — ab| < C|b, —b| + |b||a,, — al.

Choose N, so that C|b,, —b| < § for n > Ny, and choose N, so that |b||a,, —a| < § forn >
N,. This proves the product law.

For reciprocals, suppose b,, — b # 0. Choose N; such that |b,, — b| < @ for n > N;. By the

reverse triangle inequality,

bl
Hence, for n > Ny,
1 1 |b—0b,| |b,, — b
= n 9 n
b, b‘ A ERDE

Since b,, — b, the final expression can be made smaller than any € > 0. Thus bL — % The
quotient law follows from the product law applied to a,, - (%) O

n

3This is the standard “add zero” trick: insert a term and subtract it again so the expression splits into
pieces we already know how to control. Here

a,b, —ab=a,b, —a,b+a,b—ab.

This kind of rearrangement appears constantly in analysis.

[\]
\O]
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Example 9
Find

3n? + 2n
im ————.
n—oo Hn2 4+ 3
Divide numerator and denominator by n?:

3n+2n 342

n

5n2 +3 5+%'

Since % — 0 and # — 0, the limit laws give

. 3n%2+2n 3
lim ——— = —.
n—oo H5n2 4+ 3 5

Proposition 8 (Useful permanence facts)
Let a,, — a.

¢ la,| = laf.

e If a >0 and a,, > 0 eventually, then ,/a,, — Va.

o If b, is bounded and a,, — 0, then a,b, — 0.

o Ifc, >0,c, —0,and |b, — L| < ¢, eventually, then b, — L.

Proof. The first statement follows from the reverse triangle inequality,

ol —lall <la, —al.

la
For square roots, if a > 0 then
’an _ CL’

VA

and the denominator is eventually bounded below by \/TE If a = 0, then |, /a, — 0| = ./a,
and a,, — 0. Given € > 0, eventually 0 < a,, < €%, s0 \/a,, < €.

|Va, —val =

If |b,,| < M, then |a,b, | < Mla,,| = 0. The final statement is exactly the squeeze theorem
applied to —c,, <b, — L <¢,. d

Proposition 9 (Polynomial quotients)

If b, # 0, then

‘m aknk + ak_lnk_l t.o.tantay  a
nsco bn® +b_nF14+ . +bn+by, b

Proof. Divide numerator and denominator by nF. Every lower-order term contains a

positive power of %, and therefore converges to 0. O

2.6 Squeeze Arguments

Theorem 10 (Squeeze theorem)
Suppose a,, < b, < ¢, for all sufficiently large n. If a,, - L and ¢,, — L, then b,, — L.
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Hllustration of the squeeze theorem. The sequence (b,) is trapped between (a,) and (c,), and both bounding

n

sequences converge to L.

il

Proof. Let € > 0. Since a,, — L and c¢,, = L, there exists N such that for all n > N,
L—e<a,<b,<c,<L+e.

Therefore |b,, — L| < € for alln > N, so b,, — L.

Example 10
Since —1 < sin(n) <1,

1 < sin(n) < 1

n2 — n? n

The outer sequences both converge to 0, so

sin(n)

lim

n—oo ’]’L2

=0.

Example 11
Find
i n—1
n1—>nolon4+2'
For n > 1,
0< n—1 < n 1
“nd 42" nt nd

Since 25 — 0, the squeeze theorem gives
n

Example 12
Rationalise to find

lim (\/n +1— \/ﬁ)

n—oo

We have
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B n_(\/n—i- —vn)(Vn+1++/n) 1
Va+1=vn= VnFltvm B En e o

Hence
1
0<Vn+1—+y/n<—,
n
and the right-hand side converges to 0. Therefore the required limit is 0.

Proposition 11
If a,, = 0 and (b,,) is bounded, then a,b,, — 0.

Proof. Since (b,,) is bounded, choose C' > 0 such that |b,,| < C for all n. Then

|a,b, < Cla

nl-
Since Cla,,| — 0, the squeeze theorem gives a,,b,, — 0. O

2.7 Divergence
To prove a sequence diverges, it is often enough to show that convergence would contradict

either uniqueness of limits or boundedness.

Example 13

The sequence a,, = 3 — (—1)™ diverges.

If n is odd, then a, = 4. If n is even, then a, = 2. Suppose a,, — L. Taking € = %,
all sufficiently late terms would need to lie in (L — %, L+ %) But arbitrarily late odd

terms equal 4 and arbitrarily late even terms equal 2, which are distance 2 apart. No

1

5 can contain both. Therefore the sequence diverges.

interval of radius

Example 14
The sequence a,, = n® diverges. If it converged, it would be bounded. But for every

C > 0, the Archimedean property gives n € N with n > v/C, and then n® > C. Thus
(n?) is not bounded.

Example 15
The sequence

diverges, because
3
a, =n°+ —.

The term n3 is unbounded and -5 > 0, so a,, is unbounded. Hence it cannot converge.

1
n
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Note
Two divergent sequences can have a convergent sum. For example, a,, =n and b, =

—n both diverge, but a,, +b,, = 0 for all n.

A convergent sequence multiplied by a divergent sequence may converge or diverge.
For example, (0) - n = 0 converges, while 1-n = n diverges.

2.8 Standard Limits

The following limits are used often. Some are proved later using monotonicity, exponentials,

logarithms, or series.

Theorem 12 (Useful standard limits)
1. If [A| < 1, then \™ — 0.

2. If ¢ > 0, then {/c — 1.
3. n— L

Example 16
Since 0 < % <1,

27" = (1>n—>0
=3 )

Therefore cos® 75 — 0 by the bounded-times-null result, because 0 < cos?(n) < 1.
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3 More Sequences
The previous chapter dealt mostly with sequences that have a single limit. Here we look

at what remains useful when a sequence does not settle down: monotonicity, subsequences,

upper and lower limits, cluster points, and Cauchy sequences.
3.1 Monotone Sequences

Definition 1 (Monotone sequence)
A sequence (a,,) is:

e increasing if Appq = Gy for every n € N;

decreasing if a,,, ; < a,, for every n € N;

strictly increasing if a,,, > a,, for every n € N;

strictly decreasing if a,, ., < a,, for every n € N.

A sequence is monotone if it is increasing or decreasing.

The monotone sequences are the easiest sequences to understand: if they are prevented

from escaping to infinity, they must converge.

Theorem 1 (Monotone convergence theorem)
A monotone real sequence converges if and only if it is bounded.

Proof. Every convergent sequence is bounded by the convergent sequences are bounded

theorem.
Conversely, suppose (a,,) is increasing and bounded. Let
a =supia, : n € N}.
We prove a,, =+ a. Let € > 0. Since « is the supremum, there exists N € N such that

a—e<ay <o

Since (a,,) is increasing, every n > N satisfies

a—e<ay<a,<a<a+te.

Hence |a,, — a| < € for every n > N, so a,, — a.

If (a,,) is decreasing and bounded, apply the increasing case to (—a,,). O

Example 1
Define a; = 2 and

1
Apy1 = §(a’n + 6)

We show that (a,,) converges.

First, a,, < 6 for all n. This is true for n = 1. If a,, < 6, then
1 1
Apy1 = 5(% +6) < 5(6 +6) = 6.

Also,
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1
5(6-&

Qpiq — Oy = ) >0,

n

so (a,,) is strictly increasing. It is increasing and bounded above, so it converges by

the monotone convergence theorem.

Example 2
Let a; =1 and
a _1+a,
n+l1 — 2 + an'
The fixed points satisfy L = éi—IL‘, hence
L?+L—-1=0.

Put a = */5_1, the positive fixed point. If a,, > «, then

(1—-a)(a, —a)
2+a,

Upt1 — Q= >0,

so the sequence stays above a. Also

Qpiq < a, isequivalent to a2 +a, —1>0,
which holds whenever a,, > . Thus (a,,) is decreasing and bounded below by «, so it
converges. Taking limits in the recurrence gives

lim a, = a.
n—00

Definition 2 (Limits to infinity)
We write a,, — oo if for every M > 0 there exists N € N such that a,, > M whenever

n>N.

Similarly, a,, — —oo if for every M < 0 there exists N € N such that a,, < M whenever
n>N.

Example 3
The sequence a,, = n3 satisfies a,, — co. The sequence b, = —n satisfies b, — —o0.

3.2 Upper and Lower Limits

Even when a bounded sequence does not converge, its tails may still have a highest long-

term level and a lowest long-term level.

Definition 3 (Limit superior and limit inferior)
Let (a,) be a bounded real sequence. Define

z;, =sup{a, : n >k}, y, =inf{a, :n>k}.
The limit superior and limit inferior of (a,,) are

lim sup a, = lim z;, lim inf a, = lim y,.
n—00 k—o0 n— 00 k—o0

20 May 2026 28



MATH1071 More Sequences - Upper and Lower Limits

The sequence (z},) is decreasing: as k increases, the tail loses terms, so its supremum cannot
go up. Similarly, (y,) is increasing. Since (a,,) is bounded, both (z,) and (y,) are bounded,
so the monotone convergence theorem guarantees the two limits exist.

Note
For unbounded sequences, the same tail-supremum and tail-infimum idea is often

interpreted in the extended real numbers. For example, if the tail suprema tend to oo,
we write limsupa,, = oo.

Example 4
Let

—14+3"if n isodd
a, = . . .
@ 2—m if n is even

The even terms are positive and tend to 0; the odd terms are close to —1 and tend
to —1.

For every k, the largest value in the tail occurs at the first even index at least k, so
z;, — 0. Hence

lim sup a, = 0.
n—oo

For instance,
=7 -3 9—4 1
T, =sup{27%,—1+373,2 ,...}=Z

and

1
Ty =sup{278,—14+379,2710 .} = =

The smallest values in the tails come from the odd terms and approach —1, so

lim inf a, = —1.
n—oo

Example 5

Some useful quick calculations are:

o Ifa, = %, then both even and odd tails tend to 0, so limsup a,, = liminfa, = 0.

o Ifa, = (—1)"%, then the even terms tend to 1 and the odd terms tend to —1,
so limsupa, =1 and liminfa, = —1.

e Ifa, = 87:_”23 for n > 3, then a,, = —o0, so the extended upper and lower limits are
both —oo.

Example 6

For a, = (—1)", every tail contains infinitely many 1s and infinitely many —1s.
Therefore

lim sup a, =1, lim inf a, = —1.
n—oo e
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Since these are different, the sequence does not converge.

Proposition 2 (Subadditivity of limsup)
If (a,,) and (b,,) are bounded real sequences, then
lim sup (a,, +b,) < lim sup a, + lim sup b,,.

n—oo n—oo n—oo

Proof. For each k, set

A, =sup{a, :n >k}, B, =sup{b,:n>k}, C,=sup{a,+b,:n>k}

If n > k, then a,, < A, and b,, < By, so
a, +b, <A, + B,
Taking the supremum over n > k gives C,, < A, + B,. Now take limits as k — oo.

Theorem 3 (Convergence via limsup and liminf)
A bounded real sequence (a,,) converges to L if and only if

lim sup a, =lim inf a, = L.
n—o00 W=E3

Proof. Suppose a,, = L. Let € > 0. For all sufficiently large n,
L—e<a,<L+e.

Hence, for all sufficiently large k,
L—e<Ly, <z, <L+e.

Taking limits gives liminfa,, = limsupa, = L.

Conversely, suppose limsup a,, = liminfa,, = L. Let € > 0. For all sufficiently large k,

L—e<y,<a,<xz,<L+e.
Thus |a;, — L| < € for all sufficiently large k, so a,, — L.

3.3 Subsequences

Definition 4 (Subsequence)

n1<n2<n3<...

are natural numbers.
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A subsequence is formed by choosing terms whose indices continue to increase. Here the selected terms

are Gy, Gy, Gg, Gy, ....

Theorem 4 (Subsequences of convergent sequences)
If a,, — L, then every subsequence of (a,,) also converges to L.

Proof. Let (ank) be a subsequence and let € > 0. Since a,, — L, there exists N € N such
that |a,, — L| < € whenever n > N.

Since n;, > k, every k > N satisfies n;, > N. Therefore

|ank — L‘ <e
whenever £ > N, so a,, — L. O
Example 7
The sequence a,, = (—1)™ has two constant subsequences:
Gy, Qy,0,... = 1,1,1, ...
and
ay,as,as,...=—1,—1,—1,....

These subsequences converge to different limits, so the original sequence cannot

converge by the subsequences of convergent sequences theorem.

3.4 Cluster Points

Definition 5 (Cluster point)
A number a € R is a cluster point of a sequence (a,,) if for every € > 0, there are

infinitely many indices n € N such that

la,, —a| < e.

e-neighbourhood e-neighbourhood

| L
[ - I

—1 not a cluster point 1

A cluster point has infinitely many sequence terms in every epsilon-neighbourhood. A sequence may have

more than one cluster point.

Theorem 5 (Cluster points and subsequences)
Let (a,) be a real sequence and let a € R.

1. a is a cluster point if and only if for every € > 0 and every N € N, there exists n >
N such that |a, —a| < €.
2. a is a cluster point if and only if (a,,) has a subsequence converging to a.
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Proof. For (1), if a is a cluster point, every epsilon-neighbourhood contains infinitely many
terms, so at least one must occur after any prescribed index N. Conversely, if the stated
condition holds, apply it repeatedly with larger and larger N to find infinitely many terms
in the epsilon-neighbourhood.

For (2), suppose a is a cluster point. Use (1) with e =1 and N =1 to choose n;. Then use

1

522

and N =n; + 1 to choose ny > n;. Continuing in this way gives
Ny <ng <ng < ..
1
and |ank — a‘ < %,80a, —a.

Conversely, if a subsequence a,, — a, then every epsilon-neighbourhood of a contains all
sufficiently late terms of that subsequence, and hence infinitely many terms of the original
sequence. O

Remark
For a bounded sequence, limsupa, and liminfa, are respectively the largest and

smallest cluster points.

3.5 Cauchy Sequences

Definition 6 (Cauchy sequence)
A sequence (a,,) is Cauchy if for every € > 0 there exists N € N such that whenever

m,n > N,

la, —a,,| <e.

A convergent sequence is close to its limit. A Cauchy sequence is close to itself: far enough

along the sequence, all remaining terms are close to one another.

N

Theorem 6 (Convergent sequences are Cauchy)
Every convergent real sequence is Cauchy.

Proof. Suppose a,, = L and let € > 0. Choose N € N such that
€

—L|<

whenever n > N. If m,n > N, then
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|an_am’:|an_L+L_am|S|a’n_L‘+‘am_L|<8'

Therefore (a,,) is Cauchy. O

Lemma 7 (Cauchy sequences are bounded)
Every Cauchy real sequence is bounded.

Proof. Apply the Cauchy definition with e = 1. There exists N € N such that |a,, —ay]| <
1 whenever n > N. Hence, for n > N,

lan| < la, —an|+lay| <1+ |ay].
The finitely many earlier terms are bounded, so the whole sequence is bounded. O

Proposition 8 (Cauchy permanence properties)
Let (a,,) and (b,,) be real sequences.

1. Every subsequence of a Cauchy sequence is Cauchy.
2. If (a,,) and (b,) are Cauchy, then (|a, —b,|) is Cauchy.

Proof. For (1), let (ank> be a subsequence of a Cauchy sequence (a,,). Given £ > 0, choose
N such that |a,, — a,,| < € whenever m,n > N.If j, k > N, then n;>j>Nandn, >k >
N, so

For (2), use the reverse triangle inequality. Given € > 0, choose N; such that |a, —a,,| < 5
whenever m,n > Ny, and choose N, such that |b, — b,,| < § whenever m,n > N,. If m,n >
max(N;, N,), then

Han _bn| - |am_bm|| < |(an_bn) - (am _bm)| < |an_a'm| + |bn_bm| <e.

Example 8
The following classifications are typical checks.

Sequence Cauchy? Monotone? Bounded?
ﬁ yes, — 0  strictly decreasing yes
% =n-+ % no strictly increasing below only
ﬁ yes, — % strictly increasing yes
2ntl — 2+ L yes, » 2 strictly decreasing yes
(=1)"n no no no

3.6 Monotone Subsequences and Bolzano-Weierstrass

Definition 7 (Peak point)
An index k € N is a peak point of a sequence (a,,) if

a, > a,

for every n > k.
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Peak points are terms larger than every later term.

Theorem 9 (Every sequence has a monotone subsequence)
Every real sequence has a monotone subsequence.

Proof. Let (a,) be a real sequence.
If there are infinitely many peak points, list them as

nl <TL2 <n3 < ....

Since each ny, is a peak point and n, ; > n;, we have

Up, > O, > O > ey

so these terms form a decreasing subsequence.

If there are only finitely many peak points, choose n; after the last peak point. Since n; is
not a peak point, there exists n, > n,; such that Uy = Gy - Since n, is also not a peak point,

there exists ng > ny such that a, > a, . Continuing gives an increasing subsequence. [

Theorem 10 (Bolzano-Weierstrass theorem)
Every bounded real sequence has a convergent subsequence.

Proof. By the monotone subsequence theorem, every sequence has a monotone subsequence.
If the original sequence is bounded, then every subsequence is bounded. Hence the monotone
subsequence is bounded, so it converges by the monotone convergence theorem. O

Theorem 11 (Cauchy criterion for real sequences)
A real sequence converges if and only if it is Cauchy.

Proof. The forward direction is the convergent sequences are Cauchy theorem.

Conversely, suppose (a,,) is Cauchy. By the Cauchy sequences are bounded lemma, (a,,) is
bounded. By the Bolzano-Weierstrass theorem, it has a convergent subsequence (ank), say
Qp, — L.

n

We prove a,, — L. Let € > 0. Since (a,,) is Cauchy, there exists N; such that

€
’an - am‘ < 5
whenever m,n > N;. Since a, — L, there exists K such that
€
‘ank o L‘ < 5

whenever k£ > K.
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Choose k > K such that n;, > N;. Then for every n > Ny,
la, — L| < ’an—ank’ + ‘ank —L‘ <e.
Hence a,, — L. O

Example 9
The sequence a,, = (—1)" is bounded but not Cauchy. Taking € = 1, no matter how

far along the sequence we go, there are later even and odd indices m,n with

|an - a’ml =2.

Thus boundedness alone is not enough for the Cauchy property.
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4 Function Limits and Continuity
The sequence chapters studied limits indexed by n € N. We now study limits indexed by

real variables. The main change is that x can approach a point from many nearby values,
and the value of the function at the point itself may be irrelevant to the limit.

4.1 Limit Points

Definition 1 (Limit point)
Let X C R. A point a € R is a limit point of X if every punctured neighbourhood of

a contains a point of X. Equivalently, for every € > 0, there exists z € X such that

0<|z—a|l<e.

empty punctured neighbourhood

A limit point is approached by points of the set. The isolated point on the right is not a limit point.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Example 1
The set (0,1] has limit points [0,1]. The set N has no limit points in R. The set

{1, %, %, } has exactly one limit point, namely 0.

4.2 Limits of Functions

Definition 2 (Limit of a function)

Let f: X — R and let a be a limit point of X. We write
lim f(z) =1L

r—a
if for every € > 0, there exists § > 0 such that for every z € X,

O0<|z—al<d = |f(x)—L|<e.

The condition 0 < |x — a| means that the value f(a) does not matter for the limit. A
function may have a limit at a even if it is undefined at a, or defined there with the

wrong value.
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___________________________________________________________________________

Example 2
We prove lim,_,, z = a. Let € > 0 and choose § =¢. If 0 < |z — a| < d, then

|z —a| <d=¢.
Example 3
We prove
lim (2% + 7z + 12) = 20.
rz—1
Let € > 0. We need to control
|2% + Tz + 12 — 20| = |z — 1||z + §|.

If |[xt — 1] <1, then 0 < & < 2, so |z + 8] < 10. Choose

) €
0= m1n<1, 1—0)

Then 0 < |z — 1] < § implies

2% + 7+ 12— 20| < 10]z — 1| < e.

Example 4
We prove
3 _
lim &% 19,
r—2 I —
For x #+ 2,
3
8
z =224+2c+4
z—2
Hence
3-8
‘”’ > — 12| = |¢? + 20— 8| = [0 — 2|z + 4|
I—

If |l —2] <1, then 1 <z < 3, so |z + 4| < 7. Taking
€
0 =min( 1, =
m1n< ,7)
proves the limit.

Example 5
We prove
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. 2 1
lim = —.
z—3x + 3 3

For x near 3,

2 1} _|6—z=3|_[z—3
z+3 3| |3(z+3)| 3lz+3|

If |z — 3| <1, then > 2, so |z + 3| > 5. Hence

2 1 |z — 3|
Sy
z+3 3 15

Taking 6 = min(1, 15¢) proves the limit.

Theorem 1 (Algebra of function limits)

Suppose
lim f(z) =L and limg(z)= M.
r—a r—a
Then
tim (f(2) + 9(a)) = L+ M,
lim f(z)g(x) = LM,
Tr—a
and, if M # 0,

flz) L

lim =2 — —

oo g(z) M

Proof. The proof follows the same estimates as the sequence limit laws. For products,

add zero:
f(z)g(z) — LM = f(z)(g(z) — M) + M(f(z) — L).

Since f(x) — L, the values of f(z) are bounded for z close enough to a. The remaining

terms are controlled by the two limits. The quotient law follows by first showing
1 R 1
gl) M

Theorem 2 (Limit of a composite function)

Suppose

r—a

lim g(z) =b and lim f(y) = L.
y—b

If g(x) # b for all z sufficiently close to a with = # a, then

lim f(g(z)) = L.
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Proof. Let € > 0. Since f(y) — L as y — b, choose n > 0 such that
0<ly—bl<n = [fly)—Ll<e
Since g(z) — b as x — a, choose > 0 so that
O0<|z—al<d = |g(z)—0b|<n.
Shrink ¢ if needed so that g(x) # b in the same punctured neighbourhood. Then
0 <lg(z) —b] <n,
so [f(g(z)) —L| <e. O

Corollary 3 (Continuous outer functions preserve limits)
If g(x) — b as ¢ — a and f is continuous at b, then

fg(x)) — f(b).

Example 6
Algebraic simplification gives

. x>—z—-2 . (z—2)(z+1) 3
lim —— = lim ————————= = —.
=2 x2—4 =2 (x —2)(x+2) 4

The cancellation is valid because limits ignore the point x = 2 itself.

Example 7
Some quick limits from the same rules are

. 2 1 . x4 1
glclgzl’,:v—l—?) B g and alclg(l) (_Z) Cos(m3 —I—Z) =0

The first uses continuity of %5 at 3. For the second, use |cos(t)| < 1:

= ( 1 ) < h —0
—— | cos| —— — :
4 »+2/)| 7 4
Example 8
Another removable singularity is
2+ —2 . (z+2)(z—1) 3

lim = T2 gy TTERT T 2
aol 22 — 4z + 3 xl—%(x—l)(x—S) 2
Example 9
The limit

x?—4
1m
r—2 |:L‘ — 2|

does not exist. If > 2, then the expression is x + 2 — 4. If x < 2, then it is —(x +
2) — —4. The one-sided limits are different.
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4.3 One-Sided and Infinite Limits

Definition 3 (One-sided limits)
We write lim,_,,+ f(z) = L if for every € > 0, there exists 6 > 0 such that

0<z—a<édé = |f(z)—L|<e.

Similarly, lim,_,,- f(z) = L means the same statement with 0 < a —x < 4.

Proposition 4 (Two-sided limits and one-sided limits)
The two-sided limit lim,_,, f(z) = L exists if and only if both one-sided limits exist and

li)mﬁ flx) = lim f(x) = L.

liﬂﬁ‘:}: rat f(T>

lim_ |- f(z)

A jump discontinuity has different left and right limits.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Definition 4 (Limits involving infinity)
We write lim,_,  f(z) = L if for every € > 0, there exists M > 0 such that

r>M = |f(z)—L|<e.
We write lim,_,, f(z) = oo if for every M > 0, there exists 6 > 0 such that
0<|lzx—al<d = f(z)>M.

The definitions of z — —oco and f(x) — —oo are analogous.

Example 10
Divide by the highest power of z:
) 24z . 141
lim ————— = lim = =L

More generally, if the numerator and denominator have the same degree, the limit at

infinity is the ratio of leading coefficients.

4.4 Squeeze and Sequential Criteria

Theorem 5 (Squeeze theorem for functions)

Suppose f(z) < h(z) < g(x) for all z sufficiently close to a, except possibly at a. If
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lim f(z) = lim g(x) = L,

T—a T—a

then

lim h(z) = L.

Tr—a

The same result holds for one-sided limits and limits at infinity.

Example 11
Since —1 < sin(l) <1 for x # 0,

T
2 2 o 1 2
—x° < zsin| — | < x“°.
T

Both outside functions tend to 0 as z — 0, so 2 sin(%) — 0 by the squeeze theorem

for functions.

Example 12
At x =2,
|22 —1|=2zx—1 and [2z+1|=2z+1.
Hence
2z — 1] — |2 1 —2
lim 22 U= R4l g 22
T2 x z—=2 T

Theorem 6 (Sequential criterion for function limits)
Let a be a limit point of X. Then lim, ,, f(x) = L if and only if for every sequence

(z,,) in X with z,, # a and x,, — a, we have

f(z,) — L.

Proof. If f(z) — L and z,, — a, then the epsilon-delta condition for f eventually applies
to z,,, so f(x,) — L.

Conversely, suppose the sequential condition holds but f(x) does not tend to L. Then there
exists €5 > 0 such that for every 6 > 0, some x € X satisfies

0<|z—al<d and |f(z)—L|>¢,.

Taking § = L gives a sequence (z,,) with z,, — a but f(z,,) not tending to L, a contradiction.

O
Note
The standard limits
i 2 g gy =), L= 1
x—0 T x—0 T x—0 T 2

may be used in this course.
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Example 13

sin(z)

Using —~ — 1 and cos(z) — 1,

jimg D) 0@) _ (M> cos(z) = 1.

z—0 xT z—0 xT

4.5 Continuity

Definition 5 (Continuity at a point)
Let f: X — R and let a € X. The function f is continuous at a if for every € > 0,

there exists d > 0 such that for every x € X,
lz—a|l<déd = |f(z)— f(a)| <e.
If a is also a limit point of X, this is equivalent to

lim f(z) = f(a).

Definition 6 (Continuity on a set)
A function f: X — R is continuous on X if it is continuous at every point of X.

Theorem 7 (Algebra of continuous functions)
If f and g are continuous at a, then f + g and fg are continuous at a. If g(a) # 0, then

the quotient function is continuous at a.
Proof. This is the algebra of function limits with L = f(a) and M = g(a). O

Corollary 8 (Polynomials and rational functions) (=)
plxT

Every polynomial is continuous on R. A rational function Fe) is continuous at every

point where g(x) # 0.

Example 14
To make

22+ 3x+5if z>1

flz)=<a if =1
12z — 3 if z<1

continuous at 1, the three values must agree. The left and right limits are both 9, so
we need a = 9.

Example 15
The function

lif x>0
f(m)_{Oif z<0
)

is not continuous at 0. Since f(0) =0, take ¢ = % For every ¢ > 0, choose z = 5 > 0.
Then |z — 0| < 6, but
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|f(z) = f(0)[ =12
Example 16
For
2 —-3if >0
flz)=10 if =0

sin(z) if z<0

the limit at 0 does not exist. The right-hand limit is —3, while the left-hand limit is 0.

Example 17
Let

a if z=2.

f(m):{2x+]2:1:—3| if z+#2

To make f continuous at 2, choose

a=lim(2x + |22 —3|) =4+1=5.
T—2

Proposition 9 (Continuity of absolute value)
If f is continuous at a, then |f| is continuous at a.

Proof. By the reverse triangle inequality,

f(@)| = 1f(a)]| < [f(z) = f(a)l.
The right-hand side tends to 0 as x — a, so |f(x)| — | f(a)|. O

Example 18
The converse is false. The function

f(x):{l if zcQ

—1if z isirrational

is continuous nowhere because every interval contains both rational and irrational

points, but |f(z)| = 1 is continuous everywhere.

Proposition 10 (Squeeze continuity at zero)
Suppose |f(x)| < |g(z)| for all  near 0, and g is continuous at 0 with g(0) = 0. If

f(0) =0, then f is continuous at 0.

Proof. Since g is continuous at 0, for every € > 0 there exists 6 > 0 such that |z| < § implies

lg(x)| < e. Hence
|f(z) = f(O) = |f(@)] < |g(z)| <e.

The special case |f(x)| < |z| follows by taking g(x) = z.
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4.6 Uniform Continuity

Definition 7 (Uniform continuity)
Let I C R. A function f:I — R is uniformly continuous on I if for every € > 0

there exists 0 > 0 such that for all z,y € I,

lz—yl<d = |f(z)-f(y)l<e.

9

Continuity at a point allows § to depend on the point. Uniform continuity requires one §

to work across the whole set.

same &

Proposition 11 (Uniform continuity implies continuity)
If f is uniformly continuous on I, then f is continuous on I.

Proof. Fix a € I. In the definition of uniform continuity, take y = a. The same § proves

continuity at a.

Example 19
The function f(z) = x is uniformly continuous on R: choose ¢ = e.

Example 20
The function f(z) = 3z + 7 is uniformly continuous on R. Given ¢ > 0, choose § = §
If |z —y| <6, then
f(z) = f(y)| =3z —y| <e.
Example 21
The function f(x) = % is uniformly continuous on [%, oo). Ifx,y > %, then |zy| > %, SO
1 1 B =
———‘ _le=di <9z —yl.
Ty |zy|

Taking § = § proves uniform continuity.

Example 22
The function f(z) = 2? is uniformly continuous on [0, 3]. If z,y € [0, 3], then

|2? — 2| = |z — yl|lz + y| < 6]z —y|.
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Taking § = § proves uniform continuity.

Example 23
The function f(z) = 22 is not uniformly continuous on (0, 00). Suppose it were. Take

e =1 and let § > 0 be supplied by uniform continuity. Choose x > % and set y =z +
¢. Then |z —y| < 6, but

1) 1)
‘:z:z—y2| =lz—yllz+y| = §<2x+§) >z > 1,
a contradiction.

Theorem 12 (Continuous functions on closed intervals are uniformly continuous)
If f:[a,b] — R is continuous, then f is uniformly continuous on [a, b].

Proof. Suppose not. Then there exists €, > 0 such that for every ¢ > 0, there are z,y €
[a, b] with

lz—yl<d but |f(z)— f(y)] = e,
Taking § = + gives sequences (z,,) and (y,,) in [a,b] such that
1
’mn_yn| < E and ’f(‘rn)_f(yn)‘ 2 €g-

By the Bolzano-Weierstrass theorem, (z,,) has a convergent subsequence z,, — c € [a, b].

Since

‘ynk —C‘ < ‘ynk _x”k‘ + ‘xnk <)

we also have y,, — c.
Continuity gives f(a:nk> — f(c) and f(ynk) — f(c), so
[#(@n,) = £(wn)| =0
contradicting ‘f(xnk> — f(ynkﬂ > g, for every k. O

Proposition 13 (Continuous functions preserve Cauchy sequences on closed intervals)
Let f:[a,b] = R be continuous. If (a,) is a Cauchy sequence in [a,b], then (f(a,,))

is Cauchy.

Proof. By the Cauchy criterion, (a,,) converges to some L € R. Since every a,, € [a,b]
and [a,b] is closed, L € [a,b]. Continuity gives f(a,,) — f(L), so (f(a,)) is Cauchy by the
convergent sequences are Cauchy theorem. O

4.7 Intermediate and Extreme Values

Theorem 14 (Intermediate value theorem)
Let f : [a,b] — R be continuous. If A lies between f(a) and f(b), then there exists ¢ €

[a, b] such that
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fle)=A.

If X lies strictly between f(a) and f(b), then ¢ may be chosen in (a,b).

A continuous function must hit every height between its endpoint values.

Example 24
Every real cubic

p(z) =23 + az?® + bz + ¢

has a real root. Indeed, the leading term dominates: p(z) — oo as © — oo and p(x) —
—o0 as £ — —00. Choose R large enough that p(—R) < 0 < p(R). Since p is continuous
on [—R, R], the intermediate value theorem gives some r € (—R, R) with p(r) = 0.

Example 25
There is a real number x such that

x5 + 34z + 13 = 100.
Let f(z) = 2° + 34z — 87. Then f is continuous,
f(1)=-52<0 and f(2)=13>0.

Hence the intermediate value theorem gives a root in (1, 2).

Example 26
There is a real number x such that sinx = x — 1. Let

f(z) =sinz —z + 1.
Then f(0) =1>0 and f(2) =sin2 —1 < 0. Since f is continuous, the intermediate

value theorem gives a root in (0, 2).

Definition 8 (Extrema)
Let f: X — R. The function f attains a maximum at ¢ € X if

fle) =2 f(z)

for all z € X. It attains a minimum at ¢ € X if
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fle) < f(z)
for all z € X. Maxima and minima are called extrema.

Theorem 15 (Extreme value theorem)
If f:[a,b] — R is continuous, then f attains a maximum and a minimum on |[a, b].

Note
Closed and bounded matters. The function f(z) =z on (0,1) has no maximum or

minimum. The function f(z) = 22 on [1,00) has a minimum but no maximum.
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5 Differentiation
Differentiation measures the best linear approximation to a function at a point. The main

topics here are derivative rules, the link between differentiability and continuity, and the

mean value theorem.
5.1 Derivatives

Definition 1 (Derivative at a point)
Let f: I — R, where I is an interval, and let ¢ be an interior point of I. We say that

f is differentiable at c if the limit

f/(C) — i f(x) _ f(c)

T—cC T —cC

exists. Equivalently,

Example 1
For f(z) = 2%, we have
. (c+h)2—c% . 2ch+h?
(¢) = lim ST 7€ _ i BT _ o,
fle) B0 h hs0 h ¢
Example 2
The function f(z) = |z| is not differentiable at 0. The right difference quotient is
—
lim — =1
RS0+ R ’

while the left difference quotient is

lim m:

—1.
h—0- h
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Example 3
Let

_J(@+a)?+1if >0
f(x)_{2x+5 if z<0.

Continuity at 0 requires
a®>+1=>5,

so a = 2 or a = —2. For differentiability at 0, compare one-sided derivatives. The left
derivative is 2, while the right derivative is 2a. Thus differentiability would require a =
1. Therefore neither continuous value of a makes the function differentiable at 0.

Proposition 1 (Differentiability implies continuity)
If f is differentiable at ¢, then f is continuous at c.

Proof. For x +# ¢,

@)~ f0) = (2= @ -,

As z — ¢, the first factor tends to f’(c) and the second factor tends to 0. Hence f(z)—
f(e) = 0,50 f(z) = f(c). O

Note
The converse is false. For example, f(z) = |z| is continuous at 0 but not differentiable

there.

5.2 Derivative Laws

Theorem 2 (Derivative rules)

Suppose f and g are differentiable at ¢, and let A € R.
(f+9)(c) = f'(c) +g'(c),
(Af)(e) = Af'(e),
(fg9)'(c) = f'(c)g(c) + f(e)g'(c)-
If g(c) # 0, then

£ Feele) — £ (@)
(5) (©)= 9(0)? |

Proof. The sum and scalar rules follow directly from the limit definition. For products,
add zero:

f(@)g(z) — fle)g(e) = f(z)(g(z) — g(c)) + g(c)(f(z) — f(c)).

Divide by =z — ¢ and take z — c¢. Differentiability gives continuity, so f(z) — f(c). The

quotient rule follows by applying the product rule to f ( 3—]) O

20 May 2026 19



MATH1071 Differentiation - Derivative Laws

Theorem 3 (Chain rule)
Let g be differentiable at ¢, and let f be differentiable at g(c). Then f o g is differentiable

at ¢, and

(fog)'(c) = f(g(c))g (c).

Proof. Put b = g(c). Define

fy)—f) ;¢ b
aly) =4 o YT
fr() if y=hb.

Since f is differentiable at b, we have q(y) — f'(b) as y — b, so ¢ is continuous at b. For z

near c,
fg(@)) — f(g(c)) = q(9(z))(g(z) — g(c))
Therefore
f(g(w); - 5(9(0)) _ q(g(w))g(w; - i(c).
Taking x — ¢ gives q(g(z)) — q(b) = f’(b) and % — g’ (c). O
Example 4

The standard derivative rules give:

d
(ax (sinx cosx) = cos? x — sin? z,

d
S ) log(z? +1) =
(dx> og(z? +1) 2T

(%x) (e®(z® + 2%+ 7)) = e® (2 + 2% + 7) + e*(5z* + 62°).

Example 5
More chain-rule examples are

d 3z2+3
-z V23 +3r = ——,
(d ) 2vx3 + 3x

and

5.3 Inverse Functions

Theorem 4 (Inverse derivative formula)

Let f be strictly monotone and continuous on an interval I, and suppose f is differ-
entiable at ¢ € I with f’(c) # 0. If f~! is the inverse function on f(I), then f=! is
differentiable at f(c) and
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Example 6
Since tan’(z) = sec’ z = 1 + tan? z on (—%, %), the inverse derivative formula gives

Therefore

1+ 28

5.4 Higher Derivatives and L’Hopital’s Rule

Definition 2 (Higher derivatives)
If f” is differentiable, its derivative is the second derivative f”. Continuing recursively

gives f”, f®, and so on.

Theorem 5 (L'Hopital's rule)
Let f and g be differentiable near a, except possibly at a, with ¢’(x) # 0 near a.

Suppose either
f(z) =0 and g(x) — 0

or
|f(z)| = oo and [g(z)| — o0
asz — a. If
lim f, (2) =1L,
z—a g (a:)
then
lim @ = L.

One-sided and infinite endpoint versions are used in the same way.

Example 7
6217 -1 ] 262w
im = lim = 2.
z—0 e* — 1 z—0 e%
Example 8
log x

lim zlogzx = lim —
z—0+ z—0+ >

This is an —22 form, so by L’Hopital’s rule,
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. logz ) 1 .
lim % = lim xl = lim —z =
z—0*t > z—0*t —z z—0t
Example 9
5logx 2
8% lmz—5
z—1 1 —1 z—1 1

5.5 Local and Global Extrema

Definition 3 (Critical point)
Let f be defined on an interval I. An interior point ¢ € I is a critical point of f if

f'(c) =0 orif f'(c) does not exist.

Definition 4 (Local extremum)
A function f has a local maximum at c if there exists an open interval U containing

c such that
fle) = f()
for every € U in the domain of f. Local minimum is defined similarly with <. Either

is called a local extremum.

Theorem 6 (Fermat's theorem)
If f has a local extremum at an interior point ¢ and f is differentiable at ¢, then

f'(c)=0.

Proof. Suppose f has a local minimum at c¢. For x near ¢ with x > ¢,

fz) — f(e)

r —C

> 0.

For z near ¢ with x < ¢, the denominator is negative while f(z) — f(¢) >0, so

fz) = f(e)

r—cC

<0.

Since the two one-sided limits of the difference quotient are equal to f’(c), we must have

f’(c) = 0. The maximum case is analogous. O
Example 10
For

flx)=2*— 423 + 422 + 3 =2%(z — 2)? + 3
on [—1,1],
f/(z) = 42® — 1222 + 8z = 4z(z — 1)(z — 2).
The critical points in [—1, 1] are 0 and 1. Checking endpoints and critical points:

f(-1) =12, f(0)=3, f(1)=4

(@)1
)
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Hence the global maximum is 12 at x = —1, and the global minimum is 3 at x = 0.

Example 11
For f(z) =1— 22 on (—2,2], the only critical point is 0. We have f(0) = 1, so the

global maximum is 1 at 0. There is no global minimum: as z — —2%, f(xz) — —3, but

—2 is not in the interval.

Example 12
For f(z) = e®(z® — 2x) on [0, 5],

f/(z) = e"(z® + 32% — 2z — 2).
The critical points are the roots of
23 4+322 -2 —-2=0

in [0,5]. These generally need a numerical or graphing check. Once found, compare

their function values with f(0) and f(5) to determine the global extrema.

5.6 Rolle’s Theorem and the Mean Value Theorem

Theorem 7 (Rolle's theorem)
Suppose f : [a,b] — R is continuous on [a, b], differentiable on (a,b), and f(a) = f(b).

Then there exists ¢ € (a,b) such that
F(e) = 0.

Proof. By the extreme value theorem, f attains a maximum and a minimum on [a, b]. If
both occur only at the endpoints, then f is constant and any ¢ € (a,b) works. Otherwise,

f has an interior local extremum, so Fermat’s theorem gives f’(c) = 0. d

Theorem 8 (Mean value theorem)
Suppose f : [a,b] — R is continuous on [a,b] and differentiable on (a,b). Then there

exists ¢ € (a,b) such that

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Proof. Define the line through the endpoints,

@) = @+ (L= o)

and set g(x) = f(z) — £(z). Then g(a) = g(b) = 0. By Rolle’s theorem, there exists ¢ € (a,b)
. T

with ¢’(¢) = 0. Therefore

) - ()

— =0.

f'(e)

Corollary 9 (Monotonicity from the derivative)
Let f be continuous on [a,b] and differentiable on (a, b).

o If f/(z) >0 for all z € (a,b), then f is increasing on [a, b].
o If f/(x) <0 for all z € (a,b), then f is decreasing on [a, b].
o If f/(z) =0 for all = € (a,b), then f is constant on [a, b].

Proof. If x <y, apply the mean value theorem to f on [z,y]|. There exists ¢ € (z,y) such
that

fy) = flx) = f(e)(y — ).
The sign of f’(c) determines the sign of f(y) — f(x). O

Theorem 10 (Second derivative test)
Let f be differentiable in a neighbourhood of ¢, and suppose f’(c) = 0 and f”(c) exists.

o If f”(c) > 0, then f has a local minimum at c.
o If f”(c) <0, then f has a local maximum at c.

o If f”(c) =0, the test is inconclusive.

Proof. Suppose f”(c) > 0. Since

f”(C) — lim f/<$) — f/(C)’

r—c Tr—C
there is a neighbourhood of ¢ in which

f(@) — f'(c)

r—cC

>0

for z # ¢. As f’(c¢) = 0, this means f’(z) < 0 just to the left of ¢ and f’(z) > 0 just to the
right of c¢. By the monotonicity corollary, f decreases into ¢ and increases after ¢, so ¢ is a

local minimum. The case f”(c) < 0 is the same with the inequalities reversed.

When f”(c) = 0, the examples z#, —z*, and z3 at 0 show that a local minimum, a local

maximum, or neither may occur. ]

Corollary 11 (Bounded derivative gives uniform continuity)

If f: I — R is differentiable on an interval I and there is M > 0 such that
[f' (@) < M
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for all z € I, then f is uniformly continuous on I.

Proof. For x,y € I, the mean value theorem gives some ¢ between = and y such that

[f(2) = )l = |F"(e)l|z — y| < Mz —y].

Choose § = 7 if M >0, and any § > 0 if M = 0. O
Example 13

Since |cosz| < 1 for all z,
sinz —siny| < |z — y|

for all z,y € R by the previous corollary.

Example 14
The function log z is uniformly continuous on [1, 00) because

1
(loga)'| = ~ <1

Xz

on that interval.
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6 Riemann Integration
The Riemann integral makes signed area precise using lower and upper rectangles. A

bounded function is integrable when these lower and upper approximations can be made
arbitrarily close.

6.1 Partitions and Sums

Definition 1 (Partition)
Let a < b. A partition of [a, b] is a finite set

P={zy,z4,....,2,,}
such that
a=25<2,<..<z, =0
The subintervals of P are [z, _;,;], and their lengths are
Az, =z, —x, ;.

Definition 2 (Lower and upper sums)

Let f : [a,b] — R be bounded, and let P = {z, ..., z,,} be a partition of [a, b]. For each

i, define
m; = inf{f(z) : @ € [z;_y, 3]}, M; =sup{f(z): 2 € [z;_4,2;]}.

The lower sum and upper sum of f with respect to P are

i=1 =1

upper rectangles

NN\

lower rectanglds

Proposition 1 (Basic bounds for sums)
If |f(z)| < M for every z € [a,b], then every partition P satisfies

—M(b—a) < L(f,P) <U(f,P) < M(b—a).

Proof. Since —M < m,; < M, < M on every subinterval,

Summing over i gives the result. O
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6.2 Refinements

Definition 3 (Refinement)
If P and P’ are partitions of [a, b], then P’ is a refinement of P if

PcP.

In other words, P’ is obtained by adding extra partition points to P.

Lemma 2 (Refinements improve lower and upper sums)

If P’ refines P, then
L(f,P) < L(f,P') and U(f,P) <U(f,P).

Proof. 1t is enough to consider adding one point ¢ inside a subinterval [z, ;,z;]. Let

m:[ inf ]f,

and let m;, my be the corresponding infima on [z;_;,c] and [c, z;]. Since smaller intervals
have fewer points,

Hence
m(z; — ;1) < my(c—x;_1) +my(z; —c).
This shows the lower sum cannot decrease. The upper-sum argument is the same, using

suprema and reversing the inequality. O

Corollary 3 (Lower sums are below upper sums)
If P and @ are any two partitions of [a, b], then

L(f,P)<U(f,Q).

Proof. Let R = PUQ. Then R refines both P and Q. By the refinement lemma,
L(f,P) < L(f,R) <U(f,R) <U(f, Q).

6.3 Integrability

Definition 4 (Lower and upper integrals)
Let f : [a,b] = R be bounded. The lower integral and upper integral are

b
/ f=sup{L(f,P): P is a partition of [a,b]},

and

—b
/ f=inf{U(f,P): P is a partition of [a,b]}.

a
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Definition 5 (Riemann integrable)
A bounded function f: [a,b] — R is Riemann integrable on [a, b] if

—a

In this case, their common value is denoted

b
Theorem 4 (Integrability criterion)
A bounded function f : [a,b] — R is Riemann integrable if and only if for every € > 0,

there exists a partition P of [a,b] such that

Proof. Suppose f is integrable. By the definitions of supremum and infimum, choose

partitions P, and P, such that

b b
/f—L(f,Pl)< , U(f,PQ>—/ <t

DO ™

Let P = P, U B,. By refinement,

Conversely, if such partitions exist, then
o< [ s- [ fvtP) -1 P)

can be made smaller than every € > 0. Hence the upper and lower integrals are equal.*

Example 1
The constant function f(z) = c is integrable on [a, b], and

/bcdx=c(b—a).

a

Indeed, every lower sum and every upper sum equals c¢(b — a).

Example 2
The function

f(x)={1if z€eQ

0 if z is irrational

“This criterion is often called Darboux’s criterion in analysis texts, because it is phrased using upper and
lower sums.
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is not integrable on [0, 1]. Every subinterval contains both rational and irrational points,
so for every partition P,

L(f,P)=0 and U(f,P)=1.

The gap can never be made small.

6.4 Computing Sums

Example 3
Let
4ift 0<z <3
flz)=<0if z=3
1if 3<z<5.
For

1 1
P = {0,3——,3+—,5},
n n

the lower sum uses heights 4,0, 1, and the upper sum uses heights 4,4, 1. Hence

L(f,P,) =4 (3—1)+o(2)+1(2—%) :14—%,

U(f,F,) =4 (3—1)+4(2>+1(2—%> =14+%.

while

Therefore

U, B~ LU, B) = — 0,

so f is integrable and

/05 f(z)dx = 14.

Example 4
Let b >0, let f(z) =2z?% on [0,b], and use the equal partition z; = i

increasing on [0, b,

wre =3 (6-8) (2) - £36- v

=1 =1

2
n’

Since x2 is

and
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Using

& 2n + 1
> =n(n+ )=,
=1

both sums tend to %. Hence

6.5 Existence of Integrals

Theorem 5 (Continuous functions are integrable)
Every continuous function f : [a,b] — R is Riemann integrable.

Proof. Since f is continuous on [a,b], it is uniformly continuous by the closed interval
uniform continuity theorem. Let € > 0. Choose § > 0 such that

€
e—yl <6 = [fl2) = fy)l <3—
Choose a partition P whose subinterval lengths are all less than §. On each subinterval, the
difference between the supremum and infimum is at most =-. Hence
U(f,P)—L(f,P) < Z =e.
b
The integrability criterion proves integrability. O

Theorem 6 (Finite discontinuities)
If f:[a,b] — R is bounded and continuous except at finitely many points, then f is

Riemann integrable.
Proof. We prove the idea for one discontinuity ¢ € (a,b). The endpoint cases and finitely
many discontinuities are handled by repeating the same construction.

Let |f(z)] < M and let e > 0. If M = 0, then f = 0 and there is nothing to prove. Otherwise
choose 1 > 0 so small that ¢ —n, ¢ + n € [a,b] and

€
4M —.

On the middle interval [¢ — 1, ¢ + 1], the upper-lower contribution is at most
(M — (—M)) -2 = 4Mn < g

On the two closed intervals [a,c —n] and [c+n,b], the function is continuous, hence
integrable by the continuous integrability theorem. Choose partitions on those intervals so
g

their combined upper-lower gaps are less than . Adding the points ¢ — 7 and c + 7 gives
a partition of [a, b] with total gap less than e. d
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6.6 Integral Properties

Theorem 7 (Basic properties of the integral)
Suppose f and g are integrable on [a, b].

1. If A € R, then Af is integrable and

/ab)\f(x)dac:A/abf(x)dx.

[N}

. The function f + g is integrable and

/ '(F(@) + g(e)) dz = / fe)dz + / e

a

w

f f(z) < g(z) for all z € [a, b], then

/abf(x) dz < /abg(x) dz.

/abf(:r)dx: /acf(:c)dm—l—/cbf(x)dx.

. The function |f| is integrable and

b
/ f(z)dz
Example 5

If f is integrable and f(z) > 0 on [a, b], then

4. If ¢ € [a, b], then

ot

< / (@) de.

/bf(a;)dxzo

by the order property, comparing f with the zero function.

Example 6
Let a > 0. On [a,a + 1], the function f(z) = * satisfies
1 1
< -.
a+1"x

Integrating and using the order property gives
1 a+1 1 1
g/ —dm=10g<1+—).
a+1 " a5 a

Proposition 8 (Zero integral of a non-negative continuous function)
Let f : [a,b] = R be continuous and suppose f(z) > 0 for all z. If

20 May 2026 61



MATH1071 Riemann Integration - Integral Properties

then f(z) =0 for all z € [a, b].

Proof. Suppose f(c) > 0 for some c. By continuity, there is a small interval around ¢ on
which f(x) > @ The integral over that small interval is positive, and f > 0 elsewhere, so

the integral over [a, b] is positive. This contradicts the assumption. d

6.7 Fundamental Theorem of Calculus

Theorem 9 (Mean value theorem for integrals)
If f: [a,b] — R is continuous, then there exists ¢ € [a, b] such that

b
/ f(@)dz = £(&)(b—a).

Proof. By the extreme value theorem, f attains a minimum m and maximum M on [a, b].

The order property gives
b
m(b—a) < / f@)dz < M(b—a).

Dividing by b — a gives a number between m and M. By the intermediate value theorem,
f(c) equals that number for some ¢ € [a, b]. O

A

( \
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
saoe value
| =] 1
i \/ I
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |

The average value of a continuous function is attained somewhere on the interval.

Theorem 10 (Fundamental theorem of calculus I)
Let f : [a,b] = R be continuous and define

F(z) = / " f)at.

Then F is differentiable on (a,b) and

Proof. Fix x € (a,b). For small h # 0 with  + h € [a, b],
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F(zx+h)—F(z) 1 [~
) h/ £(8) dt.

By the mean value theorem for integrals, this average equals f(c,) for some ¢, between
z and z + h. As h — 0, we have ¢;, — x, so by continuity f(c,) — f(z). Hence F'(z) =

f(z). O

Theorem 11 (Fundamental theorem of calculus II)
If f is continuous on [a,b] and A is continuous on [a,b] with A’(z) = f(z) for every

z € (a,b), then

b
/ f(z)dz = A(b) — A(a).

Proof. Let
F(m):/ f(¢t)dt.

By the first fundamental theorem, F’(x) = f(z) = A’(z). Hence (F — A)" =0 on (a,b), so
F — A is constant by the mean value theorem. Therefore

F(b) — F(a) = A(b) — A(a).

Since F(a) =0 and F(b) = f; f(z)dz, the result follows. O

20 May 2026 63



MATH1071 Riemann Integration - Fundamental Theorem of Calculus

7 Integration Techniques and Applications
The fundamental theorem turns many definite integrals into antiderivative calculations.

The techniques below are the ones that appear most often in tutorials and exams.
7.1 Variable Limits

Proposition 1 (Leibniz rule for variable endpoints)
Let f be continuous and let u, v be differentiable. If

then
F'(z) = f(v(z))v'(z) — f(u(z))v'(2).

Proof. Fix an antiderivative A of f. By the fundamental theorem of calculus,
Fla) = A(v()) — A(u(a)).
Differentiate using the chain rule. O

Example 1
Let

Then
tan(l
F'(z) = an(logz) — tan(2?) - 2z
T
Example 2
Note

Found in the 2026 tutorials.

The Eulerian logarithmic integral is

logt
For z > 2,
1
Li'(z) = ,
log x
and
1
Li” - )
(z) z(logx)?

20 May 2026 64



MATH1071 Integration Techniques and Applications - Variable Limits

Example 3

Note
Found in the 2026 tutorials.

Let

T sint
= dt
9(z) /0 t+1

We show g(z) > 0 for every z > 0. On each full period, the positive half dominates the

following negative half because t% is decreasing:
(2k+1)m ; ¢ (2k+2)7 _: t
/ SR dt+ / "2 dt > 0.
2km t+1 (2k+1)7 t+1

Inside a negative half-period, the partial negative contribution is still smaller in
magnitude than the preceding positive half-period. Hence every initial integral from 0
to x is positive.

7.2 The Logarithm from an Integral
5

Define, for z > 0,

o= [ Lar

By the fundamental theorem, L’(z) = + and L(1) = 0.

T

Proposition 2 (Integral logarithm laws)

For z,y > 0 and a € R,
L(z-y) = L(x) + L(y), L(z%) = aL(z).

Consequently, if e is defined by L(e) = 1, then L(e®) = z.

Proof. Fix y > 0 and define
H(z) = L(zy) — L(x).

Then

, y 1

Hence H is constant. Since H(1) = L(y), we get L(z - y) = L(z) + L(y).

For powers, first define K(z) = L(z*) — aL(x) for > 0. Differentiating gives K’ (z) = 0,
and K(1) =0, s0 K =0. O

°In this course, log means the natural logarithm. We avoid writing In; Mr Gauss and Ole Warnaar will
haunt you if you use In instead of log.
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7.3 Integration by Parts

Theorem 3 (Integration by parts)
If w and v are differentiable, then

/ u(z)' (z) dz = u(z)v(z) — / o (z)v(z) da.

For a definite integral,

Proof. Integrate the product rule
(uv) = u'v 4 uv'.
O

Note
A useful choice heuristic for u is logarithmic, inverse trigonometric, algebraic, trigono-

metric, exponential, in that order. It is only a heuristic; the algebra decides.

Example 4 )
For [ zlogzdz, take u =logz and v = z. Then v’ = % and v = %, so
2
75 75 B
logzdr = 2%log= — [ =dz =22log= — — + C.
/xogwx ﬂcog2 /295 xog2 4—|—
Example 5
Let
1= /623” sinx dz.
Integrating by parts twice gives
2z o3 1
1= e smT —/62*”‘ cos x dz,
2 2
and
2z 1
/ezw cosxdzr = € o8 + —/62““’ sinz dzx.
2 2
Hence
I e?*sinx e?**cosx I
2 4 4’
SO

2sinx — coszx
/62”” sinzdz = e%# +C.
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Proposition 4 (Repeated integral identity)
If f is continuous, then

/OI (/Ot f(u)du) dt = /036 f(u)(z — u) du.

Proof. Let G(t) = f; f(u) du. Integrate by parts with u = G(¢t) and v" = 1:

/Om Gt)dt — [tG(t)]g—/Omtf(t)dt:x/Ox () dt—/omtf(t)dt.

Combine the two integrals. O

7.4 Substitution

Theorem 5 (Integration by substitution)
Let g be continuously differentiable and let f be continuous. Then

b g(b)
f(g(z))g (z)dz = f(u) du.
/“ ’ ’ /g(a)

Proof. Let F be an antiderivative of f. Then (Fog)" = (fog)g’. Apply the fundamental

theorem to both sides. d
Example 6
For [log(cosz)tanx dz, take u = log(cos z). Then
du = —tanzdz.
Hence
1 2
log(cosz)tanzdr = — [ udu = —é(log(cos x))* +C.
Example 7
. (T x _ . 1
sm<§) cos(§> dz = [ 2sin(u) cos(u) du = [ sin(2u)du = —5 cosT +C,
where u = 3.
Example 8
For

/Cos(x;) )
©5%) 4o,

T

[

take u = :c%, so z = u® and dz = 3u? du. Then

cos(x§>
/—dx=3/ucosudu=3usinu+3cosu+C’.

1
€3

Therefore the antiderivative is
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1 . 1 1
33 sm(a:s) + 3008(x3> +C.

Example 9

e - 1 1
/de:/ sinudu =1 — cos 1.
0

1 T

7.5 Partial Fractions

Definition 1 (Rational function)

A rational function is a quotient % of polynomials. When the degree of p is at
least the degree of ¢, first use polynomial division. Then factor the denominator and
decompose into simpler fractions.

Example 10
Compute
/ 2 4+ 1 d
——dz
T2 + Tz + 12
Since
2+ 72+ 12 = (z + 3)(x + 4),
write
2x + 1 A i B
(x+3)(z+4) z+3 xz+4
Then

2c+1=A(z+4)+ B(z +3),

giving A = —5 and B = 7. Therefore

2 1

Example 11
For

61»'
—° 4
/62w+6w+1 ©

1
— du.
/u2+u+1 u

take u = €%, so du = e® dz. Then

Complete the square:

> 3
u2+u+1:(u—|——> + -
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Hence

e’ 2 2e” +1
/mdaj=%arctan< \/g >+C

7.6 Trigonometric Substitution

Note
Found in the 2026 tutorials.

The common substitutions are:

e use z = asinf for va? — x2;
e use r = atanf for Va2 + z2;

e use x = asecl for vVz2 — a?.

Example 12

/ L4 ~ (‘”) +C
——— dXx = arcsin| — 5
V9 — 22 3

This follows from z = 3sin 6.

Example 13
To compute

x
——dx,
/ V4 — 4x2
it is faster to use u = 4 — 422. Since du = —8z dz,
/ x 1
———dx =
V4 — 4x2 8

7.7 Definite Integrals and Areas

Note
The examples in this section are tutorial-style practice.

Example 14
To compute

3
/ |3z — 4| dz,
0

split at x = %:
5 3 8 25 41
/ (4—3x)dm+/ Bx—4)dz=z-+—=—.
@ 4 3 6 6
Example 15
For
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5 5
2% —x +3
/ ey,
1 T

simplify first:

Therefore
5
5 4
1 3
/ (2x3 - = +3x_2> dz = [x_ —logzx — —] .
0 x 2 x

Definition 2 (Area between curves)

If f(x) > g(x) on [a,b], then the area between the curves y = f(x) and y = g(z) is

/ ) =59

If the curves cross, split the interval at their intersection points.

7.8 Improper Integrals

Definition 3 (Improper integrals)
If f is integrable on [a + €, b] for every € > 0, define

b b
[ st tm [ s@an

provided the limit exists. This handles an unbounded integrand at a.

If f is integrable on [a, R] for every R > a, define

/a " fa)de = Jim / * ),

provided the limit exists. The definitions at b~ and —oo are analogous.

Example 16
For p # 1,
R 1—
1 R7P—1
;] Z 1—»p
Hence

converges exactly when p > 1. For p = 1, the integral is log R, which diverges.
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Example 17

1 1
1 1
/0 vz dz = sh—%l* R vordr= 611:&(2 N 2\/5) =2

Example 18
The improper integral

oo
/ coszdx
0

diverges, because
R
/ coszdz =sin R
0

has no limit as R — oo.
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8 Series and Taylor Expansions
A series is an infinite sum, but convergence is still a statement about sequences: the sequence

of partial sums must converge. Most of this chapter is about deciding whether that happens
without explicitly finding the sum.

8.1 Series and Partial Sums

Definition 1 (Series)
Let (a,) be a sequence. The expression

o0
Ean:a1+a2+a3+...
n=1

is called a series. The Nth partial sum is

Definition 2 (Convergent series)
The series Zzo: | @n, converges to S if the partial sums satisfy

Sy — S.

In that case we write
(o)
Z a, =5.
n=1

If the partial sums do not converge, the series diverges.

Theorem 1 (Term test)
If 3  a, converges, then

a, — 0.
Proof. Since a,, = S,, —S,,_; and both partial-sum sequences tend to the same limit S,
a, - S—85=0.

Note
The converse is false. The harmonic series has terms % — 0 but still diverges.

Theorem 2 (Cauchy criterion for series)
The series Z;’:’: | Gn cOnverges if and only if for every € > 0, there exists N € N such

that whenever ¢ > p > N,

Proof. This is exactly the Cauchy criterion for the partial sums, since
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S,— S, = i a,,.

n=p+1

Example 1

The harmonic series ZZO: ) % diverges. If it converged, the Cauchy criterion with € =

% would give N such that every tail past N has size less than % But

2N 2N
1 1 1
E —_- > E —_— = -,
w2V 2

a contradiction.

8.2 First Examples

Proposition 3 (Geometric series)
Let 7 € R. The geometric series » > o " converges if and only if |r| < 1. In that case,

Proof. For r # 1,

N 1— ,’,N+1
S = 1 ee e —
N +7r+ +7r 1—r
This converges exactly when r¥*1 — 0, which is equivalent to |r| < 1. If 7 = 1, the partial
sums diverge. If r = —1, the terms do not tend to 0. O
Example 2
For |z| < 1,

1 o0
— n
= > an.
n=0
This identity is the source of many Maclaurin series later in the chapter.

Proposition 4 (Telescoping series)
If most terms cancel in the partial sums, compute the partial sums explicitly before

using a convergence test.
Example 3
Since

1 1 1 1
n2+3n+2 (nm+1)(n+2) n+l n+2

the partial sums telescope:
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Hence

8.3 Comparison Tests

Theorem 5 (Comparison test)
Suppose 0 < a,, <b,, for all sufficiently large n.

o If Y b, converges, then ) a, converges.
o If > a, diverges, then > b, diverges.

Proof. For non-negative terms, the partial sums are increasing. If b, converges, then the
partial sums of ) a,, are increasing and bounded above by the partial sums of _ b, plus

finitely many earlier terms. Hence they converge by the monotone convergence theorem.J

Theorem 6 (Limit comparison test)
Suppose a,, > 0, b, > 0, and

for some 0 < ¢ < 0o. Then ) a,, and > b, either both converge or both diverge.

Proof. Since $= — ¢ > 0, eventually

a

¢ < < 2c.
270,
Thus ()b, < a,, < 2cb, eventually. Apply the comparison test in both directions. O
Example 4
The series

[y

n=

converges by limit comparison with #, since

242
2415 _ nt + 2n? 1
# nt+5 )
Example 5
The series

;n logn3+1
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diverges, since the terms are comparable to 105 “ . and
i logn
n=2 n
diverges by the integral test.
Example 6
Consider
1SS e—an-{—%
I
n=N n

where N is fixed and a € R. If a > 0, then the terms are eventually bounded by a
n

If a =0, then = > %, so the series diverges. If a < 0, the terms do not tend to 0.
Hence the series diverges exactly when a < 0.

constant multiple of

, so the series converges by comparison with a geometric series.

8.4 Integral Test and p-Series

Theorem 7 (Integral test)
Let f:[1,00) — R be continuous, non-negative, and decreasing. Then

> fm)

/1 " f)do

and

converge or diverge together.

Proof. For a decreasing function, the rectangles of height f(n) trap the integral:

Zﬂmg/ﬂ@msZﬂm

These inequalities show that the partial sums are bounded exactly when the improper
integrals are bounded. O

|
!
!
!
!
!
!
!
!
!
!
) .
!
!
!
!
!
!
!
!
!
!
!
!

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Proposition 8 (p-series)
The series

converges if and only if p > 1.

Proof. If p <0, the terms do not tend to 0. If 0 < p <1, compare with the harmonic
series when p < 1, and use the harmonic series when p = 1. If p > 1, the integral test gives

<1
1 xT

converges exactly when p > 1. O

convergence because

Example 7
The series

= 1
7;2 n(logn)p
converges if and only if p > 1. This follows from the integral test using u = logz:

* 1 <1
| smepto= [
, z(logz)P low 2 UP

og 2

8.5 Root and Ratio Tests

Theorem 9 (Root test)
Let a,, be a sequence and set

p =lim sup V/|a,|.

n—oo

If p <1, then > a, converges absolutely. If p > 1, then > a,, diverges. If p =1, the
test is inconclusive.

Example 8
For
> o
1+2n’
n=1 3

the root test gives
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nn

n
- =
31+2n Q{L/g €9

n

Hence the series diverges.

Example 9
For

the root test gives

5n — 3n3 3
— =<1,
™3 + 2 7
so the series converges absolutely.
Theorem 10 (Ratio test)
Suppose a,, # 0 eventually and
a
r= lim |1
n—oo an
exists.
o If r <1, then ) a, converges absolutely.
o If > 1, then ) a, diverges.
e If r =1, the test is inconclusive.
la,| A
geometric comparison

H‘ ol ol o

Ratio and root tests compare the tail of a series with a geometric tail. If the eventual shrink factor is below

1, the tail is controlled by a convergent geometric series.

Example 10
For

the ratio is
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Root and Ratio Tests

Gpi1 _ (2n+2)(2n +1) _ 22n+ 1 .
a, 5(n+1) 5
Hence the series diverges.
Example 11
For
£~ (2n)!
the ratio is
1 1
Intl _ nt = — 0.
a, 2n+2)2n+1) 2(2n+1)

Hence the series converges.

8.6 Alternating and Absolute Convergence

Theorem 11 (Alternating series test)
Suppose b, >0, b, ; < b, for all sufficiently large n, and b,, — 0. Then

(_1)n+1bn
=il

n

converges.

Proof. The even and odd partial sums are monotone and bound each other. Their difference
is one term b,,, which tends to 0, so they converge to the same limit. O

Definition 3 (Absolute and conditional convergence)
The series ) a,, is absolutely convergent if ) |a,| converges. It is conditionally

convergent if ) a, converges but ) |a, | diverges.

Proposition 12 (Absolute convergence implies convergence)
If > la,,| converges, then Y a,, converges.

Proof. This follows from the Cauchy criterion and the triangle inequality:

q
< Y lagl

n=p+1

q

2 an

n=p+1

Corollary 13 (Absolute convergence estimates)

If Y |a,,| converges, then

o0 o0
D an| <) lagl.
n=1 n=1
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If (b,,) is bounded, then Y a,b, also converges absolutely.

Proof. The first inequality follows by applying the finite triangle inequality to the partial
sums and taking limits. If |b,| < M, then

Y lanbl <MY ay,

so Y a,b, converges by comparison. O
Example 12
The series
f: (_1)n+1
n=1 %

converges by the alternating series test, but it does not converge absolutely because
3~ L diverges. Hence it converges conditionally.
n4
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Example 13
The series

00 . n
SIN ———
7; vnt+1

converges absolutely, since

n 1
sin —| < —
\/n4+1‘ n?

and > 5 converges.

8.7 Cauchy Condensation

Note
Starred result from the 2026 tutorials.

Theorem 14 (Cauchy condensation test)
Let (a,) be non-negative and decreasing. Then

0o
> an
n=1

converges if and only if

converges.

Proof. Group the original series into dyadic blocks:
a, + (ag +ag) + (ay + ... +a7) + ...
Since (a,,) is decreasing, the block from 2* to 2! — 1 is trapped between constant multiples

of 28a,x and 2Fays1. These comparisons show the two series converge or diverge together.[]

Example 14
Applying condensation to a,, = # gives

2k:
(2%)°

2y, = = (217)",

This geometric series converges exactly when p > 1, recovering the p-series test.

8.8 Taylor and Maclaurin Series

Definition 4 (Taylor series)
Suppose f has derivatives of all orders at a. The Taylor series of f centred at a is
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Note

Example 15
Since

the series

sums to 0.

Example 16
Since

the series

sums to cose.

Example 17

20 May 2026
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When a = 0, this is called the Maclaurin series.

Proposition 15 (Standard Maclaurin series)

o0 n

- 7
e’ = Z PR x € R.
n=0
io: p2ntl
sinz = (—-1)"——, z€R.
o (2n 4+ 1)!
cosx = (—1)"———, z€R
o (2n)!
1 o0
: m:;x , x] < 1.

n=1
3 g5 a7
sm7r—7r—§+a W+ 0,
SO I
™ 54-5 W+
B e2 et €f
cose = —§+E—a .
e2 et €8
1—54—1—&4—...

Using log(1 4+ z) at z =1,

Taylor and Maclaurin Series

A Taylor series need not equal the original function without further hypotheses. In this
course, the standard expansions below may be used on their intervals of convergence.
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1 1 1
l— 24— q . =log2.
R 8

Example 18
For log(4 + z?),

log(4+m2):log4—|—log<1 ) —210g2—|-z ) 1$

This expansion is valid for |z| < 2, and also at z = 4+2 by the endpoint convergence of
the logarithm series.

Example 19
Since

log((1+ z)?) = 2log(1 + z),

for x > —1, we have
> z"
log((1 + z)?) Z( 1)”1 :
n=1
The usual interval from the logarithm series is —1 < x < 1.

Example 20
Subtracting the two logarithm series gives

log(m) log(1+ z) —log(l —z) = 22 1 lz| < 1.

Only the odd powers remain.

Example 21

armp- 1— cos(2
Using sin? ¢ = =@

2 Y

L, 1 S . (22)%"
sin x—é(l—Z(—l) on)l >

n=0

The constant terms cancel, leaving a series starting with z2.

Example 22
Multiplication by a polynomial is usually cleaner than differentiating a product. For

f(z) = (sinz)(z? + 3),

use sinz = 3°° (—1)"2 " and multiply by z2 + 3:

n=0 (2n+1)
2n+1 0 $2n+3

®) =33 () Gy + 2 ey
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Example 23
From the geometric series,

= Z (=)™, |u| < 1.
n=0

Taking u = e™* gives

1 —nx
m:Z(—l) e 3 z > 0.

n=0

8.9 Shifted Standard Series

Proposition 16 (Useful Taylor series at zero)

For fixed a # 0, the following follow from the geometric series and standard binomial
series, with the usual radius restrictions. For the logarithm formula, assume a < 0 so
that x — a is real and positive near 0.

= (2

n

[M]8
§\H
3

log(x — a) = log(—a) —

n=1
> 2n)
=205 =-50F
and
. 2./ 2n g2l
ar081nm—;<n>m.

8.10 Radius of Convergence

Definition 5 (Power series and radius of convergence)
A power series centred at a is a series of the form

o0

Z e, (z—a)™.

n=0

Its radius of convergence is the number R € [0, 00| such that the series converges
absolutely for |x —a| < R and diverges for |x — a| > R. Endpoints must be checked

separately.
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A radius of convergence gives an open interval of gquaranteed convergence. The endpoints a — R and a + R
must be checked separately.

Example 24
For
o0 wn
>
n=0 """
the ratio test gives
z™1  nl |z|
— —| = —— = 0.
(n+1)! zn| n+1

Thus the radius of convergence is oo.
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9 Systems of Linear Equations and Matrices
Linear algebra starts here with systems of equations. Matrix notation is useful because the

same row operations solve the system, describe the solution set, and later test invertibility.

9.1 Linear Systems

Definition 1 (Linear equation)
A linear equation in variables z, ..., z,, has the form

a2z, + ayxy + ... +a,x, =D,

where aq,...,a,,b € R are fixed scalars. A linear system is a finite list of linear

equations in the same variables.

Definition 2 (Solution set)

A solution of a system is an ordered tuple (z, ..., x,) satisfying every equation. The

solution set is the set of all solutions.

Note

A linear system has exactly one of the following behaviours: no solution, exactly one
solution, or infinitely many solutions. The row-reduction process below is how we tell

which case we are in.

one solution no solution infinitely many

In R?, a system of two linear equations asks where two lines meet.

Example 1
The system

2r+y+82=0, z+2y+2=3, 3x+7y+z=11
has infinitely many solutions. Row reduction gives
z+52=—-1, y—2z=2.
Taking z = ¢,
(x,y,2) = (—1—5t,24+2t,t), teR.

9.2 Matrices and Augmented Matrices

Definition 3 (Matrix)

An m x n matrix is a rectangular array of scalars with m rows and n columns:

20 May 2026
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all a12 cee a/ln
A — a21 a22 see a2n
aml amz coo amn

The entry in row ¢ and column j is denoted a,;.

Definition 4 (Coefficient and augmented matrices)
The system Az = b has coefficient matrix A and augmented matrix [A | b]. For

example,
218\ /[(=x 0
121 yl=13
371 z 11
corresponds to
2180
[Alb)=]121 3
37111

Definition 5 (Elementary row operations)
The elementary row operations are:

e Swap two rows,
e multiply a row by a non-zero scalar,
e add a scalar multiple of one row to another row.

These operations do not change the solution set of the corresponding linear system.

Proposition 1 (Row equivalence preserves solutions)
If one augmented matrix is obtained from another by elementary row operations, then

the two augmented matrices represent systems with the same solution set.

Proof. Swapping equations does not change which tuples satisfy all equations. Multiplying
an equation by a non-zero scalar gives an equivalent equation. Replacing one equation by
itself plus a multiple of another is reversible by subtracting the same multiple, so it also
preserves the solution set. O

Note
Each elementary row operation is itself an invertible transformation of the rows. This

is why row reduction can simplify a system without losing information: every step can
be undone by another elementary row operation.

Definition 6 (Elementary matrix)
An elementary matrix is obtained by applying one elementary row operation to an

identity matrix.
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Proposition 2 (Row operations as matrix multiplication)
Applying an elementary row operation to an m X n matrix is the same as left-multi-

plying by an invertible m x m elementary matrix.

Proof. Apply the row operation to I, and call the result E. For any m X n matrix A,
the product EA performs that same operation on the rows of A. The row operation can
be undone, so the inverse operation gives an elementary matrix F' with FE=FEF =1,.
Hence FE is invertible. O

9.3 Echelon Form

Definition 7 (Row echelon form)

A matrix is in row echelon form if:

e every non-zero row is above every zero row,

o each leading non-zero entry is strictly to the right of the leading non-zero entry in
the row above,

e entries below each leading entry are zero.

A leading non-zero entry is called a pivot.

Definition 8 (Reduced row echelon form)
A matrix is in reduced row echelon form if it is in row echelon form, every pivot

is 1, and every pivot is the only non-zero entry in its column.

Proposition 3 (Reading a reduced system)
In a reduced augmented matrix:

o arow of the form 0 = ¢ with ¢ # 0 means the system is inconsistent;
e a variable in a pivot column is a pivot variable;

e a variable in a non-pivot column is a free variable.

Example 2
Row reduction gives

2-240 1010
1 33| ~101-10
4 -3 71 00 1

The last row says 0 = 1, so the system is inconsistent.

Example 3
Row reduction gives

—2
3
)

|
O
w

|
N

N = DN
IV
~N Ot =
O =
2
SO =
O = O
= O O
— |

Writing z, = t, the solution set is

(X1, Xy, x5, 24) = (—6 —3t,4+t,1—t,t), teR.
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9.4 Homogeneous Systems

Definition 9 (Homogeneous system)
A system of the form

Az =0
is called homogeneous.

Proposition 4 (Homogeneous systems are always consistent)
Every homogeneous system has at least the zero solution z = 0.

Note
The zero solution is called the trivial solution. A homogeneous system has non-trivial

solutions exactly when at least one variable is free after row reduction.

Definition 10 (Kernel and rank)
For a matrix A, the kernel is the solution set of the homogeneous system:

ker A = {z : Az = 0}.

The rank of A is the number of non-zero rows in a row echelon form of A.

Example 4
For
123
A=|oo01],
246

the homogeneous system Ax = 0 gives z = 0 and x + 2y = 0. Hence

(l‘,y,Z) :t(—2,1,0), teR.

Example 5
For

-7 8
A= 3 2
1

)

o O =
o = O
_ o O

-5
the homogeneous system has free variables z, = s and x5 = t. The solution set is

(x1,%y, T3, T4, 25) = 8(7,—3,—1,1,0) + t(—8,—2,5,0,1).

9.5 Matrix Arithmetic

Definition 11 (Matrix addition and scalar multiplication)
Matrices of the same size are added entrywise:

(A+ B);; = a;; + by

Scalars multiply matrices entrywise:
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(cA),L-j = ca,

17"

Definition 12 (Matrix multiplication)
If Aism x n and B is n x p, then AB is the m X p matrix with entries

(AB)ij = Z aikbkj'
k=1

Note
Matrix multiplication is defined only when the inner dimensions match. It is associative

and distributive, but generally not commutative: usually AB #* BA.

Example 6
Let

o= (22

DE — (%@ :rb, ED— (9 by‘
yc yd cx dy

These are equal for every E exactly when x = y. Otherwise D commutes only with

Then

matrices satisfying (x —y)b =0 and (y —z)c = 0.
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9.6 Matrix Transformations
Matrices and linear transformations are two ways of describing the same finite-dimensional

behaviour. In this course we mostly use the standard bases of R™ and R™, so a linear map
can be recorded by the matrix whose columns are its outputs on the standard basis vectors.

Definition 13 (Standard basis)
The standard basis of R" is ey, ..., e,, where e; has a 1 in the j-th position and 0

elsewhere.

Definition 14 (Matrix transformation)
If A is an m X n matrix, it defines a function

TA :Rn —>Rm, TA(.T) :AJ:
This function is linear:

Ty(cx + dy) = cTy(x) + dT4(y).

Proposition 5 (Matrices represent linear transformations)
If T:R™ — R™ is linear, then
T(z) = Az

where the columns of A are T'(e;),...,T'(e,).

Proof. Write z = z,e; + ... + x,,e,,. By linearity,
T(:L') = xlT(el) + ..+ an(en),
which is exactly the matrix product Az when the columns of A are T'(e;), ...,T(e,,). O

Note
For a general finite-dimensional vector space, one first chooses a basis and then records

coordinates relative to that basis. The standard-basis case above is the version needed
for R™.

Proposition 6 (Composition corresponds to multiplication)
If Aism xn and B is n X p, then

TA OTB = TAB

Proof. For z € RP,
(T, o Tp)(x) = T4(Bx) = A(Bx) = (AB)a.

20 May 2026 90



MATH1071 Systems of Linear Equations and Matrices -

9.7 Inverse Matrices

Definition 15 (Identity matrix)
The n x n identity matrix is

10 ..0
In:01..0
00 ..1

Definition 16 (Inverse matrix)
A square matrix A is invertible if there is a matrix B such that

AB=BA=1.

In that case B is the inverse of A and is written A~!.

Proposition 7 (Uniqueness of inverses)
A square matrix has at most one inverse.

Proof. If B and C are both inverses of A, then
B=BI =B(AC)=(BA)C=1IC=C.

Proposition 8 (One-sided inverses)

Let A, B,C be n x n matrices. If
AB=CA=1,

then B= C. Hence B=C = A~ 1.

Proof. We have
B=1,B=(CA)B=C(AB)=CI,=C.

n

Thus the same matrix is both a left and right inverse for A.

Proposition 9 (Inverse of a product)
If A and B are invertible n x n matrices, then AB is invertible and

(AB)"! = B~1471.
Also, (A1) = A

Proof. Since
(AB)(B'A™)=A(BB)A' =447 =1,
and similarly

(B1A™)(AB) = I,

20 May 2026

It satisfies I, A = A and AI, = A whenever the products are defined.

Matrix Transformations

91



MATH1071 Systems of Linear Equations and Matrices - Inverse Matrices

the inverse of AB is B~1A~!. The statement (14*1)_1 = A follows directly from the defin-
ition of inverse. O

Proposition 10 (Finding inverses by row reduction)
A square matrix A is invertible exactly when [A | I| row-reduces to [I | B]. In that

case B= A1,

Proof. Row operations on [A | I] are left multiplication by elementary matrices. A sequence
of row operations is therefore left multiplication by some invertible matrix E.

If the reduction gives [I | B], then EA =1 and EI = B. Thus B = FE and BA = I. Since
E is invertible, A= E~!, so B= A1,

Conversely, if A is invertible, row reduction cannot get stuck before a pivot appears in
every column; otherwise there would be a non-zero vector x with Az = 0, contradicting
r = A1'Az = 0. Hence A row-reduces to I, and applying the same row operations to the
right half gives A~!. O

Example 7
Let

Hence

Theorem 11 (Invertibility criteria)
For an n x n matrix A, the following statements are equivalent.

o A is invertible.

o A has a right inverse: there exists a matrix B such that AB =1,,.
o rank(A) =n.

o ker A = {0}.

Proof. If A is invertible and x € ker A, then
r=A1Az = A"10=0,
so ker A = {0}.
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If ker A = {0}, then the homogeneous system has no free variable. Thus every column has
a pivot, so rank(A) = n.

If rank(A) = n, then Az = b has a unique solution for every b € R™. In particular, for each
standard basis vector e;, choose the unique vector z¢ with Az® = e,. Putting these vectors
as the columns of a matrix B gives AB = I, so A has a right inverse.

Finally, if AB =1,, then ker B = {0} because Bz =0 implies x = ABx =0. By the
previous implications, B has a right inverse C'. Since AB = I, and BC = I,,, the one-sided

inverse result gives A = C, so A is the inverse of B and hence is invertible. O

Proposition 12 (Transpose and inverse)
If A is invertible, then AT is invertible and

—1 _IN\T
(A7) " =(Aa)".
Proof. Since AA™! =T and A~'A = I, taking transposes gives

(ANTAT =1, AT(A ) =1T.
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9.8 Euclidean Vectors

Note

tutorial questions.

Definition 17 (Dot product and norm)
For vectors

Uq vy
u=| .. and v=
U v
n n
in R™, the dot product is
n
u-v= U,
=1

The norm or length of u is

ull = V.

Definition 18 (Orthogonality and angle)

between them is determined by

Theorem 13 (Cauchy-Schwarz inequality)
For all u,v € R™,

Ju - o] < Julv].

Proof. 1If v = 0, then both sides are 0. Otherwise, for every t € R,
0 < fu—tw]? = Jul?® — 2t(u - v) + ¢*|v]?.
Choose t = ﬁ Substitution gives

(u-v)?

0 < Jul? -
[oll?

Multiplying by |[v]? gives (u - v)? < |u|?||v]|?, and taking square roots gives the result.

Theorem 14 (Vector triangle inequality)
For all u,v € R™,

Ju+ o] < Jlul + o]

Proof. Squaring the left-hand side gives

Ju+ vl = ul® + 2u - v + [Jv]*.

20 May 2026

Found in the 2026 tutorials. This section collects the vector-geometry tools used in

Two vectors u and v are orthogonal if v - v = 0. If v and v are non-zero, the angle 6



MATH1071 Systems of Linear Equations and Matrices -

By Cauchy-Schwarz,
2u-v < 2Ju- o] < 2uffol.
Hence

Ju+ vl < (lull + ol)*.

Both sides are non-negative, so taking square roots proves the result.

Proposition 15 (Parallelogram law)
For all u,v € R™,

Ju+0)? + Ju —v]? = 2]ul? + 2|v]*.
Proof. Expand both squared norms using the dot product:
Ju+0)? = Jul® + 2u - v + v,
Ju—vf? = JJul* — 2u- v + o],
Adding cancels the dot-product terms.

Corollary 16 (Equal lengths from orthogonal diagonals)
If w4+ v and u — v are orthogonal, then |jul = |v].

Proof. Orthogonality gives
0=(u+v) (u—w)=[ul®—Jv]?.
Hence |u|? = |v|?, and norms are non-negative.

Definition 19 (Projection)
If a # 0, the projection of b onto a is

. b-a
proj, b = —a.
a-a

The component of b orthogonal to a is

orth, b = b — proj, b.

Proposition 17 (Projection residual is orthogonal)

If a # 0, then orth, b is orthogonal to a.

Proof. Compute
b-a

a-(b—proj,b)=a-b—a- (—a) =a-b—(b-a)=0.

a-a

Definition 20 (Cross product in three dimensions)
For vectors

20 May 2026
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Uy U1
U= | Uy and v= |9y |,
U3 U3

the cross product is
UgU3 — Uz Vg

U Vg — UgVy

It is orthogonal to both u and v.

Example 8
Let
1 7 1
A=12], B=|2]|, C=1]3
3 1 3
Then
6 0
B-A=|o0|, c—a=|1
—2 0

Since (B — A) - (C — A) = 0, the angle at A is 7.

Example 9
A vector orthogonal to the plane through A, B, and C' is

6 0 2
B-A)xC—-A)=[o0|x]|1]=]0
) 0 6

The length of the projection of B — A onto C' — A is

(B—4)-(C—A)

=0.
|C = Al

Example 10
Since

a unit vector parallel to C' — B is
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1 (78

1
Vai|

A vector orthogonal to both C' — B and the z-axis is

20 May 2026
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10 Determinants, Eigenvalues, and Eigenvectors
Determinants measure signed volume-scaling for square matrices, so they give a scalar test

for invertibility. Eigenvalues and eigenvectors record directions on which a matrix acts
by simple scaling. These ideas are tightly connected: eigenvalues are found by applying a
determinant to A — AI.

10.1 Determinants
If A is an n X n matrix, the columns of A are the images of the standard basis vectors

under the matrix transformation T4. These vectors span a fundamental parallelepiped.
Geometrically,

VOI(FP ) = |det AJ.

If this volume is zero, the transformation has collapsed space into a lower-dimensional
object, so it cannot be invertible.

Definition 1 (Determinant)
The determinant assigns a scalar det A to each square matrix A. It measures the

signed version of the volume-scaling described above; below we prove that a square

matrix is invertible exactly when its determinant is non-zero.

The determinant is defined recursively. If A = (a) is 1 x 1, then det A =a. If Aisn x n
with n > 2, delete row 1 and column j to obtain the (n — 1) x (n — 1) matrix A;;. Then

j=1

For

the determinant is
det A = ad — be.

Definition 2 (Minors and cofactors)
Let A be an n x n matrix. Write A,; for the matrix obtained from A by deleting row

i and column j. The (7, j)-minor is
The (3, j)-cofactor is

Cyy = (=)™ M.

L)

Theorem 1 (Cofactor expansion)
The determinant of an n X n matrix can be expanded along any row or any column:

j=1
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for a fixed row %, and
i=1
for a fixed column j.

Note
Cofactor expansion is usually best when a row or column has many zeroes. For larger

matrices, row operations are usually faster.

Example 1
Expanding a 3 x 3 determinant along the first row gives

abc
_ e f) d f d e
det|d e f —adet<h z) bdet( )+cdet(g h)'

g h i g
Hence
abc
det| d e f| =alei— fh) —b(di — fg) + c(dh — eg).
gh i

Proposition 2 (Determinants and row operations)
Let A be a square matrix.

e Swapping two rows multiplies the determinant by —1.
e Multiplying one row by ¢ multiplies the determinant by c.
e Adding a multiple of one row to another row does not change the determinant.

Note
These rules are the computational backbone of determinants in this course. The

recursive definition is useful for explaining what the determinant is; row operations are

usually better for computing large determinants.

Proposition 3 (Triangular determinant)
If A is upper triangular or lower triangular, then det A is the product of the diagonal

entries.

Example 2
For

A=

o~ 8
o8
— W N

cofactor expansion along the last row gives
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If A is invertible, then

Example 3

Example 4
If A2 = A, then

Note

20 May 2026
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t=} i}

det A = det(

10.2 Determinant Laws

Theorem 4 (Basic determinant laws)
If A and B are n X n matrices, then

det(A™1)

area > 0

z 1
1l x

Hence A is non-invertible exactly when x = +1.

=z2—1.

det(AB) = det(A) det(B), det(AT) = det(A).

1

~ det(A)

Theorem 5 (Invertibility and determinant)
A square matrix A is invertible if and only if

det A # 0.

When det A = 0, the associated linear map collapses area: two-dimensional input can land on a line, so the

map cannot be invertible.

Ty° =4,

det A =1,

det B = 2.

det (A)? = det(A).

Hence det(A)(det(A) —1) =0, so det(A) = 0 or det(A) = 1.

The orthogonal-matrix facts in this subsection are from the 2026 tutorials.

Determinants

Suppose det(AB?) = 4 and det(A?B) = 2. Let z = det A and y = det B. Then

Dividing gives £ = 2, so y = 2z. Substituting into x%y = 2 gives 22® = 2, hence

100
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Definition 3 (Orthogonal matrix)
A square matrix @) is orthogonal if

Qfl — QT-

Proposition 6 (Determinant of an orthogonal matrix)

If @ is orthogonal, then det @Q = +1.

Proof. Since QTQ =1,
det(QTQ) = det I.
Using the determinant laws, this gives (det Q)? = 1. O

Proposition 7 (Products of orthogonal matrices)
If X and Y are orthogonal matrices of the same size, then XY is orthogonal.

Proof. Since X '=XT and Y ! =YT,
(XY) =YX t=YTXT = (XY)T.

O

Proposition 8 (Orthogonal matrices preserve dot products)

If @ is orthogonal, then

(Qz)- (Qy)=z-y
for all z,y € R™. Hence orthogonal matrices preserve lengths and angles.
Proof. Since QTQ =1,
(Qz) (Qy) =2"QTQy=1Ty=2z-y.

O

Note
The trace, symmetry, and nilpotent-matrix facts below are from the 2026 tutorials.

Definition 4 (Trace)
The trace of a square matrix is the sum of its diagonal entries:

tr(A) =a;; + ... + a,,-

Definition 5 (Symmetric and skew-symmetric matrices)
A square matrix A is symmetric if A7 = A, and skew-symmetric if AT = —A.

Proposition 9 (Useful transpose facts)
For any square matrix A:

e A+ AT is symmetric;
o if A is skew-symmetric, then tr(A) = 0;

o if A is skew-symmetric and has odd size, then det A = 0.
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Proof. First,
(A+ AT =AT 4 A=A+ AT

If A is skew-symmetric, then every diagonal entry satisfies a,;; = —a,;, so a;; = 0 and tr(A) =

0.If Ais n xn and n is odd, then

(3

det A = det(AT) = det(—A) = (—1)"det A = —det A4,
so det A = 0. ]

Definition 6 (Nilpotent matrix)
A square matrix A is nilpotent if A* = 0 for some k € N.

Proposition 10 (Nilpotent matrices are singular)

If A is nilpotent, then det A = 0.

Proof. 1f A¥ =0, then
(det A)¥F = det(A*) = det 0 = 0.
Hence det A = 0. d

Proposition 11 (Vandermonde determinant)

Note
Starred result from the 2026 tutorials.

For
2 n—1
1 z; =7 ... xf
vV = 1 z, 2 ... !
n - )
2 n—1
1 z, zz ... 20
we have

detV, = H (xj —z;).

1<i<j<n

Proof. The determinant is a polynomial in z,, of degree at most n — 1. If z,, = z, for some

1 < n, then two rows are equal, so the determinant is 0. Hence

It~

divides det V, as a polynomial in z,,. Comparing the coefficient of z7~! gives the determinant

of V_;. Induction gives the formula. d
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10.3 Characteristic Polynomials

Definition 7 (Eigenvalue and eigenvector)
Let A be a square matrix. A scalar A is an eigenvalue of A if there is a non-zero

vector v such that
Av = .
Such a vector v is an eigenvector for \.
Definition 8 (Eigenspace)
The eigenspace for an eigenvalue A is
E, =ker(A—XI)={v:(A—X)v=0}.

The zero vector belongs to the eigenspace, but is not called an eigenvector.

Theorem 12 (Characteristic equation)
A scalar X is an eigenvalue of A if and only if

det(A — AI) = 0.

The polynomial det(A — AI) is the characteristic polynomial of A.

Proof. The equation Av = Av is equivalent to (A — AI')v = 0. This has a non-zero solution
exactly when A — AI is non-invertible, which is equivalent to det(A — AI) =0 by invert-

ibility and determinant. O

Example 5
For

500

A=1]1121]1,

112
we have

5—X 0 0

det(A—AI)=det] 1 2—X 1
1 1 2—-A

= (5-N)(2—-N2—1) = (5-NB - A1 N).

Hence the eigenvalues are 5, 3, and 1.

10.4 Finding Eigenvectors

Proposition 13 (How to find eigenvectors)
Once A is known, solve the homogeneous system

(A—X)v=0.

The non-zero solutions are the eigenvectors for .
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Example 6

Continuing the previous example, row reduction gives:

2

0 0
E5 = span 1 , PE5 =span 1 , E,; =span —1
1 1 1
Thus each eigenspace has dimension 1.
Example 7
Let
a 2 1
A=1|-1 2 1
20— —1
Then

det(A— ) = (a— A)A(A—1).

The eigenvalues are therefore among 0, 1, and a. Corresponding eigenvectors are

0 —1 —a
A=0 1], A=1 a , A=a:| 1
—2 —(a+1) —2

If a ¢ {0, 1}, these give three distinct one-dimensional eigenspaces. If a =0 or a =1,

there are two distinct eigenvalues, each with a one-dimensional eigenspace.
10.5 Useful Eigenvalue Facts

Proposition 14 (Shifted eigenvalues)

If X\ is an eigenvalue of A with eigenvector v, then A + ¢ is an eigenvalue of A + ¢l with
the same eigenvector.

Proof. Since Av = v,

(Ad+cl)v=Av+cv=(A+c)v.

U
Proposition 15 (Powers and inverses)
Suppose Av = Av with v #£ 0.
e Forn e N, A"v = \"v.
o If A is invertible, then A # 0 and A~'v = A~ 1w,
Proof. The power statement follows by induction. If A is invertible, then
v=A"1Av= A1)\,
so A v = A"t d
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Proposition 16 (Transpose has the same eigenvalues)
A square matrix A and its transpose A7 have the same eigenvalues.

Proof. Their characteristic polynomials are equal:
det(AT — XI) = det((A — AI)T) = det(A — \I).
Hence they have the same roots. O

Proposition 17 (Eigenvectors for distinct eigenvalues)
Eigenvectors corresponding to distinct eigenvalues are linearly independent.

Proof. For two eigenvectors, suppose c¢;v; + cyvy = 0, where
Avy = A\vy, Avy = Ay, A F A,
Applying A gives ¢; A;v; + co A0, = 0. Subtracting Ay (c;v; + cov5) = 0 gives
¢ (A = Ag)vy = 0.
Since v; # 0 and A\; # Ay, ¢; = 0. Then ¢, = 0.

The same idea proves the general finite case by induction: apply A to a dependence relation,
subtract one eigenvalue times the original relation, and use the induction hypothesis on the

remaining eigenvectors. O

Proposition 18 (Positive quadratic forms and eigenvalues)
Let A be a symmetric 2 X 2 matrix. If

2T Az >0

for every non-zero x € R?, then every eigenvalue of A is positive.

Proof. If Av = A\v with v # 0, then
vT Av = 0T = X\ (vTv) = A|v|2.

The left-hand side is positive and |[v|? > 0, so A > 0. O
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11 Vector Spaces
Note
This chapter is mostly based on 2026 tutorial material and the advertised Week 13
topics. Treat it as exam-prep and tutorial extension material unless a result is also
stated in lecture.

The same linear-algebra ideas apply to vectors in R™, matrices, polynomials, and solution
sets of homogeneous systems. The shared language is vector spaces, subspaces, span,
independence, basis, and dimension.
11.1 Vector Spaces and Subspaces
Definition 1 (Vector space)
A vector space over R is a set V' whose elements can be added and multiplied by
real scalars, satisfying the usual rules: commutativity and associativity of addition, a
zero vector, additive inverses, distributivity, and scalar associativity.

Example 1
The following are vector spaces over R:

e« R"™ with usual vector addition and scalar multiplication,
o« M

mxn(R), the set of m x n real matrices,

* B (r) the set of real polynomials of degree at most n.

Definition 2 (Subspace)
A subset U C V is a subspace of V if:

e 0€U,
e whenever u,v € U, then u+v € U,
e whenever u € U and ¢ € R, then cu € U.

Proposition 1 (Subspace test)
A non-empty subset U C V is a subspace if and only if
cu+dvelU

for all u,v € U and all ¢,d € R.

Example 2

Note
Found in the 2026 tutorials.

The set of n x n upper triangular matrices is a subspace of M,

xn(R): the zero matrix

is upper triangular, sums of upper triangular matrices are upper triangular, and scalar

multiples are upper triangular.
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Example 3

Note
Found in the 2026 tutorials.

The set of n x n orthogonal matrices is not a subspace. It contains I, but 21 is not
orthogonal because

(21)TCD =41 + 1.

Example 4

The set
T
y| ER3:2+2yz2=6
z

is not a subspace. It does not contain 0, and the condition is not linear because of the
product yz.

11.2 Nullspaces

Definition 3 (Nullspace)
The nullspace of a matrix A is

ker A = {z : Ax = 0}.

It is also called the kernel of A.

Proposition 2 (Nullspaces are subspaces)
For every matrix A, the nullspace ker A is a subspace.

Proof. Since A0 = 0, we have 0 € ker A. If u,v € ker A and ¢,d € R, then
A(cu + dv) = cAu + dAv = 0.
Hence cu + dv € ker A. d

Proposition 3 (Nullspace inclusion)

Note
Found in the 2026 tutorials.

If A and B are square matrices, then

ker B C ker(AB).

Proof. If x € ker B, then Bx = 0. Therefore
ABx = A0 =0,
so = € ker(AB). O
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11.3 Span

Definition 4 (Linear combination)
A linear combination of vectors vy, ..., v, is a vector of the form

C1V1 + ... + CLUg,

where ¢, ...,¢;, € R.

Definition 5 (Span)
The span of vectors vy, ..., v, is the set of all their linear combinations:

span{vy, ..., v, } = {c;v1 + ... + vyt g,y - ¢ € RE

Proposition 4 (Spans are subspaces)
For any vectors vy, ...,v, € V, the set span{vy, ..., v, } is a subspace of V.

Example 5
The set
5t
_f’t eR*:teR
t
1s
5
span 1
1

It is a one-dimensional subspace of R*.

11.4 Linear Independence

Definition 6 (Linear independence)
Vectors vy, ..., v, are linearly independent if the equation

V1 + ... +cu, =0
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implies
¢ =..=¢,=0.

If there is a non-trivial solution, the vectors are linearly dependent.

independent dependent

In R2, two vectors are linearly independent exactly when neither lies on the line spanned by the other.

Proposition 5 (Subsets and supersets)
o Every subset of a linearly independent set is linearly independent.

o Every superset of a linearly dependent set is linearly dependent.

Proof. For the first statement, a non-trivial dependence relation among a subset would also
be a non-trivial dependence relation among the original set by giving the missing vectors
coefficient 0. For the second statement, keep the existing non-trivial dependence relation
and again give every added vector coefficient 0. O

Example 6
The matrices

1= (50) 2= (o) o= ()

are linearly independent in My, ,(R). If

00
00

)

01A+02B+C3C= (

€1 Co
cg 0)’

so comparing entries gives ¢; = ¢y = c3 = 0.

N———

then the left-hand side is

Proposition 6 (Eigenvectors with distinct eigenvalues)

Note
Found in the 2026 tutorials.

Figenvectors corresponding to distinct eigenvalues are linearly independent.
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Note
This is the vector-space version of the eigenvector independence result from the

previous chapter.

11.5 Bases and Dimension
Definition 7 (Basis)
A list of vectors (vq, ...,v;) is a basis for a vector space V' if:
o the vectors span V,
o the vectors are linearly independent.

Definition 8 (Dimension)
If V has a finite basis, then the number of vectors in any basis of V is called the

dimension of V', denoted dim(V).

Example 7
The set

ER :a—c—d=0

d
|
O O o

is a subspace. Since a = ¢ + d,

+d

O QO oL
Il
(S
SO OO
+
o
OO = O
O = OO =
+
¢
O O oo

These four vectors form a basis, so dim(U) = 4.

Example 8

Note
Found in the 2026 tutorials.

Let
V ={p(z) € K(R):p(1) = 0}.
This is a vector space: if p(1) = ¢(1) = 0, then (cp + dg)(1) = 0. A clean basis is

z—1, z(z—1), z*(z—-1), .. zf(x—-1).

Hence dim(V) = 7.
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Example 9

Note
Found in the 2026 tutorials.

The four vectors

T 1 1 1

1 T 1 1

1!’ 1/ z |’ 1

1 1 1 T

form the columns of the matrix
z 111
1z11
A= 1121 =(x—-1I+J,

111¢x

where J is the all-ones matrix. The vector

—_ = =

is scaled by x + 3, while every vector whose entries sum to 0 is scaled by x — 1. Hence
det A = (z + 3)(z — 1)3.

The vectors fail to form a basis exactly when x = 1 or z = —3. If x = 1, all four vectors

are equal, so the span has dimension 1. If z = —3, the span has dimension 3.

11.6 Sums and Intersections of Subspaces

Note
Found in the 2026 tutorials.
Definition 9 (Sum of subspaces)

If U and V are subspaces of a vector space W, their sum is

U+V={ut+v:uelU,veV}.

Proposition 7 (Sums and intersections)

If U and V are subspaces of W, then U + V and U NV are subspaces of W.

Proof. For U + V, use the subspace test:
c(uy +vy) +d(uy +vy) = (cuy + duy) + (cvy; +dvy) €U+ V.

For U NV if z,y lie in both spaces, then cx + dy lies in both spaces. O
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Proposition 8 (Union warning)
If neither U nor V is contained in the other, then U UV is not a subspace.

Proof. Choose u € U with u ¢ V and v e V withv ¢ U. If u+ v € U, then v = (u +v)

ces

u € U, a contradiction. If u +v € V, then u = (u+v) —v € V, a contradiction. Thus U U

V is not closed under addition.

Theorem 9 (Dimension formula)
If U and V are finite-dimensional subspaces, then

dim(U 4+ V) = dim(U) + dim(V) — dim(U N V).

Example 10

By the dimension formula,
dim(U+V)=4—dim(UNYV),

so dim(U + V') can be 4, 3, or 2 respectively.

Example 11
Indeed, U + V C R4, so
dim(UNV) =6 — dim(U + V) > 2.

Since U # V, the intersection cannot have dimension 3. Hence it has dimension 2.

11.7 Matrix Subspaces

Note
Found in the 2026 tutorials.

Example 12
Let

W ={X € M,,(R): X =XT tr(X) =0}

A matrix in W has the form

(5 2) =a( %) +e(3 o).
0 54) (o)

Hence a basis is

and dim(W) = 2.

Example 13
Let
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For the subspace W above,

WﬂW’={<8 Z) : (8 ‘Z) - (2 2) and b:O}:{O}.

Also every matrix

&

can be written as a sum of an element of W and an element of W’:

Pay_ (P mY (0T
rs r —p 0s+p)
Hence My, o(R) =W + W".

Example 14

Matrix Subspaces

The set of 2 x 2 real matrices A satisfying A2 = 0 is not a subspace. For example,

01 00
A= (o) 2=(0)
both satisfy A2 = B? =0, but

(A+B)? = (é (1)) £0.

11.8 Linear Maps

Chapter 9 described linear maps R™ — R™ using matrices in the standard basis. The same

definition works for any vector spaces; matrices are what appear after bases have been

chosen.

Definition 10 (Linear map)
A function T : V. — W between vector spaces is linear if

T(cu+ dv) = cT'(u) + dT'(v)

for all u,v € V and ¢,d € R.
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Note
To prove a map is linear, it is enough to check additivity T'(u 4+ v) = T(u) + T'(v)

and homogeneity T'(cu) = ¢T'(u). To disprove linearity, find one counterexample to
either rule.

Example 15
Define T : My, o(R) = M5, 5(R) by

T(A) = 347 + tr(A) (‘1) _01)

This map is linear because transpose and trace are linear:

0 -1

T(cA+dB) =3(cA+ dB)T + tr(cA + dB) (1 0

) = cT(A) + dT(B).

Definition 11 (Eigenvector of a linear map)
If T :V — V is linear, a non-zero vector v € V is an eigenvector of T with eigenvalue

A if
T(v) = Av.

Example 16
For the map above,

(6 5) =5 5)
(b 2)

is an eigenvector with eigenvalue 3. But

T(I) =31 + 2((1) _01),

SO

which is not a scalar multiple of I, so I is not an eigenvector.
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12 Revision Guide

This chapter is a compact checklist for pre-exam revision. It is not a substitute for the
definitions, proofs, and examples in the earlier chapters.

12.1 Key Results and Theorems
Note
The following results are central to the course and are natural candidates for statement,
proof, or application questions:
e monotone convergence theorem,
e Bolzano-Weierstrass theorem,
e Cauchy convergence criterion for sequences,
e intermediate value theorem,
e extreme value theorem,
e Rolle’s theorem and the mean value theorem,
e fundamental theorem of calculus,

e comparison criterion for series.

For each theorem, practise writing the assumptions before the conclusion. A correct

conclusion with missing assumptions is usually not a correct theorem statement.

Example 1 (Monotone convergence theorem)
A complete statement is:

If (a,,) is monotone increasing and bounded above, then (a,,) converges and

lim a, =sup{a, : n € N}.

n—oo

Similarly, if (a,,) is monotone decreasing and bounded below, then it converges to its

infimum.

Example 2 (Bolzano-Weierstrass theorem)

A complete statement is:

Every bounded sequence in R has a convergent subsequence.

A standard proof route is: find a monotone subsequence, observe that it is still bounded,
then apply the monotone convergence theorem to that subsequence.

Example 3 (Fundamental theorem of calculus)
A complete FTC statement must specify the regularity assumptions. One common

version is:

If f:[a,b] — R is continuous and

Fa) = [ " f(t)at,

then F' is differentiable on (a,b) and F'(z) = f(x).
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12.2 Proof Routines
Proposition 1 (Epsilon proof for sequences)
To prove a,, — L from the definition:
1. Start with € > 0.
2. Estimate |a,, — L| by something simple.
3. Choose N so that the simple expression is < € whenever n > N.
4. Finish by writing the implication n > N = |a,, — L| < e.

Example 4
To prove \F — 0, let € > 0 and choose N > 5. If n > N, then

‘ ‘ 1 1
0= =< —

< 7= <

Proposition 2 (Epsilon-delta proof for functions)

To prove lim,_,, f(z) = L:

1. Start with € > 0.

2. Rewrite or bound |f(z) — L| in terms of |z — a|.
3. Choose 4 so the bound is < €.

4. Finish with 0 < |z —a| < d = |f(z) — L| < e.

Example 5
To show lim,_,, 2 = 4, restrict [z —2| < 1,s0 1 < z < 3 and |z + 2| < 5. Then

|2 —4| = |z — 2||]z + 2| < 5|z — 2|.

Choose § = min(l, %)

Proposition 3 (Continuity proof pattern)
To prove a function is continuous at a, either use the definition directly, or combine

known continuous functions using limit laws. To prove discontinuity, find one-sided
limits or a sequence x,, — a such that f(z, ) does not tend to f(a).

Proposition 4 (Subspace proof pattern)
To prove U is a subspace, show:

0eU, uwvelU,c,deR=cu+dvel.

To disprove it, it is enough to show one failure: no zero vector, not closed under
addition, or not closed under scalar multiplication.

12.3 Series Questions

Note
For a series ) a,,, first check a,, — 0. If not, the series diverges. If yes, choose a test

based on the form of the term.

Term shape Likely tool
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r™, constants to the n geometric series, root test

factorials ratio test

powers of n comparison or limit comparison

m integral test

alternating signs alternating series test, then absolute convergence

monotone positive terms with pow- Cauchy condensation; starred in the 2026 tutorials
ers of 2

Example 6
For

> (2n)!
Z 5nql’

n=1
factorials suggest the ratio test:

Gpi1 _ (20 +2)(2n+ 1)

a, 5(n+1)
Hence the series diverges.
Example 7
For
= 1
; n(logn)p’

the integral test gives

*° 1 1
| o=
, z(logx)? g2 YWY

Therefore the series converges exactly when p > 1.

12.4 Integration Questions
Note
For a definite or improper integral:
e check whether the integrand is continuous on the interval;
o identify singular endpoints or infinite endpoints;
o for variable limits, use the fundamental theorem before simplifying;
o for antiderivatives, try substitution before integration by parts if a derivative is

visibly present.

Example 8
If
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1
F(z) = / e’ dt,

sin x

limit rule,

F'(z) = —e" % cos z.

Example 9
To decide

use partial fractions:

Hence

which tends to %log 3.

12.5 Linear Algebra Questions

Note

Integration Questions

then the upper limit is constant and the lower limit depends on z. By the variable-

The determinant, eigenvalue, and vector-space material below is represented strongly
in the 2026 tutorials and recent exams. The current lecture transcript set does not
include the full Week 12-13 determinant /eigenvalue/vector-space lectures.

Question type Method

Solve Ax = b row-reduce the augmented matrix [A | b]

Solve Ax =0 row-reduce and express the free variables as para-
meters

Find A~1 row-reduce [A4 | I] to [I | A7

Build a matrix for T use the columns T'(e;), ..., T(e,,)

Compute a large determinant use row operations or expand along a sparse row or
column

Find eigenvalues solve det(A —AI) =0

Find eigenvectors solve (A — Al )v = 0 for each eigenvalue

Test a subspace check 0 € U and closure under linear combinations
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Note
The dot product, cross product, projections, orthogonal matrices, symmetric/skew-

symmetric matrices, trace, nilpotent matrices, and Vandermonde determinant are

tutorial-derived tools in these notes. Vandermonde is starred in the 2026 tutorials.

Example 10
For
500
A=1121{|,
112

the characteristic polynomial is
det(A—X)=(5-N)((2—N2—1).

Thus A = 5,3, 1. Then solve (A — AI)v = 0 separately for each eigenvalue.

Example 11
Let

V= {p(z) € B(R):p(1) =0}

The condition p(1) = 0 is linear, so V' is a subspace. Every polynomial in V" has a factor

x — 1, and degree at most 7, so
p(z) = (z —1)q(x), degq<6.
A basis is
z—1,z(z—1),2%(x—1),...,28(z — 1),

and dimV = 7.

12.6 Common Traps

Note

e A theorem cannot be used unless its hypotheses are checked.

e A sequence can have terms tending to 0 while the series still diverges.

e Absolute convergence implies convergence, but convergence need not imply absolute
convergence.

e A Taylor series formula must be used inside its interval of convergence.

e The zero vector is in every eigenspace, but is not an eigenvector.

e A set described by a non-linear condition is usually not a subspace.

e In this course, write log for the natural logarithm.

12.7 Complete Answer Standards

For computation questions, write enough working that the method is clear. For proof

questions, state the relevant assumptions and make each implication explicit.
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Example 12
A complete answer to “show the series converges absolutely” should include:
1. the absolute-value series,

=

the comparison or test being used,

2

the conclusion that the absolute-value series converges,

e

the conclusion that the original series converges absolutely.

Example 13

A complete answer to “find an eigenspace” should include:
1. the eigenvalue A,

the matrix A — A\,

the reduced homogeneous system,

= 800

the span of the non-zero eigenvectors.
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